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L*OO VHH LW ZKHQ L EHOLHYH LW 0 D VLPSOH PRGHO RI
FRJQLWLYH FRQVLVWHQF\
Ohhdw \duly

_

Iluvw Yhuvlrq= Mxqh 5333/ Wklv Yhuvlrq= Mdqxdu| 5335

Devwudfw
Sv|fkrorjlfdo h{shulphqwv ghprqvwudwh wkdw shrsoh h{klelw d wdvwh iru frqvlvwhqf|1 Lqglylg0
xdov duh lqfolqhg wr lqwhusuhw qhz hylghqfh lq zd|v wkdw frqup wkhlu suh0h{lvwlqj eholhiv1 Wkh|
dovr whqg wr fkdqjh wkhlu eholhiv wr hqkdqfh wkh ghvludelolw| ri wkhlu sdvw dfwlrqv1 L suhvhqw d
prgho wkdw lqfrusrudwhv wkhvh hhfwv lqwr dq djhqw*v xwlolw| ixqfwlrq dqg doorzv ph wr fkdudf0
whul}h zkhq= +l, djhqwv ehfrph xqghu0 dqg ryhu0frqghqw/ +ll, djhqwv h{klelw h{fhvv vwlfnlqhvv
lq dfwlrq fkrlfhv/ +lll, djhqwv suhihu ohvv dffxudwh vljqdov/ dqg +ly, djhqwv duh zloolqj wr sd| lq
rughu wr irujr vljqdov dowrjhwkhu1 Dssolfdwlrqv wr srolwlfdo fdpsdljqv dqg lqyhvwphqw ghflvlrqv
duh h{soruhg1
Nh| zrugv= Eholhi xwlolw|/ frjqlwlyh glvvrqdqfh/ frqupdwru| eldv/ ryhufrqghqfh/ vhohfwlyh
h{srvxuh1
Mrxuqdo ri Hfrqrplfv Olwhudwxuh Fodvvlfdwlrq Qxpehuv= F<3/ G:5/ G;6/ G<4/ P631

W
L dp h{wuhpho| judwhixo wr Pxulho Qlhghuoh iru wkh pdq| frhhv dqg fkdwv wkdw lqvsluhg wklv surmhfw dqg odwhu
khoshg nhhs lw jrlqj1 L zrxog olnh wr h{suhvv p| judwlwxgh wr Guhz Ixghqehuj/ Gdylg Odlevrq/ dqg Hulf Pdvnlq
iru hqgohvv frqyhuvdwlrqv/ khosixo frpphqwv dqg vxjjhvwlrqv/ dqg vxssruw1 L*yh dovr ehqhwwhg iurp wdonlqj zlwk
Doehuwr Dohvlqd/ Hg Jodhvhu/ Rulw Nhgdu/ Whg Pljxho/ Sdxo Plojurp/ Pdunxv Prelxv/ Do Urwk/ Plfkdho Vfkzduw}/
dqg Vwhyh Wdgholv1 L dp yhu| wkdqnixo wr wkh Doiuhg S1 Vordq irxqgdwlrq dqg Holrw glvvhuwdwlrq frpsohwlrq frpplwwhh
iru jhqhurxv qdqfldo vxssruw1
_
Ghsduwphqw ri Hfrqrplfv/ \doh Xqlyhvlw| dqg Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Fdoliruqld dw Orv Dqjhohv1
H0pdlo= ohhdw1|dulyC|doh1hgx

L*oo vhh lw zkhq L eholhyh lw1
0vols ri wrqjxh e| h{shulphqwdo vrfldo sv|fkrorjlvw Wkdqh Slwwpdq1
Qrwklqj lv txlwh dv gl!fxow dv qrw ghfhlylqj rqhvhoi1
0Oxgzlj Zlwwjhqvwhlq/ 4;;<04<841

L1 Lqwurgxfwlrq
Frqvlghu vrphrqh zkr ex|v dq h{shqvlyh fdu dqg odwhu glvfryhuv wkdw lw lv xqfrpiruwdeoh rq
orqj gulyhv1 Glvdjuhhphqw/ ru glvvrqdqfh/ h{lvwv ehwzhhq wkhlu eholhiv wkdw wkh| kdyh erxjkw d
jrrg fdu dqg wkdw d jrrg fdu vkrxog eh frpiruwdeoh1 Glvvrqdqfh frxog eh uhgxfhg e| ghflglqj wklv
glvfrpiruw grhv qrw pdwwhu vlqfh wkh fdu lv pdlqo| xvhg iru vkruw wulsv +ghfuhdvlqj wkh lpsruwdqfh
ri wkh glvvrqdqw eholhi, ru irfxvlqj rq wkh fdu*v vwuhqjwkv vxfk dv vdihw|/ dsshdudqfh/ dqg kdqgolqj
+wkhuhe| dgglqj pruh frqvrqdqw eholhiv,1 Wkh glvvrqdqfh frxog dovr eh holplqdwhg e| jhwwlqj ulg ri
wkh fdu/ exw wklv ehkdylru lv d orw kdughu wkdq fkdqjlqj eholhiv1 Pruhryhu/ li dpeljxrxv lqirupdwlrq
derxw wkh fdu duulyhv +d iulhqg frpphqwv wklv orrnv olnh d uhdoo| lqwhuhvwlqj fdu,/ lw lv pruh olnho|
wr eh lqwhusuhwhg dv vxssruwlqj wkh eholhi wkdw wkh fdu lv jrrg +wkh iulhqg phdqv wkh fdu orrnv
uhdoo| frro dqg xqltxh, udwkhu wkdq frxqwhulqj lw +zkdw lv dq lqwhuhvwlqj orrnlqj fduB Wkh iulhqg
pxvw phdq lw orrnv olnh d uhdo ohprq1 Pd|eh wkh idfw lw*v xqfrpiruwdeoh rq orqj gulyhv vkrzv1,1
Wklv h{dpsoh looxvwudwhv wzr frjqlwlyh eldvhv wkdw duh frqvlvwhqwo| revhuyhg lq djhqwv pdnlqj
ghflvlrqv xqghu xqfhuwdlqw|= frjqlwlyh glvvrqdqfh dqg frqupdwru| eldv1 Frjqlwlyh glvvrqdqfh
vwdwhv wkdw diwhu kdylqj wdnhq dq dfwlrq shrsoh whqg wr fkdqjh wkhlu eholhiv derxw wkh uhodwlyh
djuhhdeohqhvv ri wklv dfwlrq1 Frqupdwru| eldv uhihuv wr wkh skhqrphqrq ri shrsoh lqwhusuhwlqj
qhz hylghqfh lq zd|v wkdw frqup wkhlu fxuuhqw eholhiv1
Wkh dexqgdqw sv|fkrorjlfdo olwhudwxuh rq wkhvh wzr eldvhv +ryhuylhzhg lq Vhfwlrq LL, lqglfdwhv
wkdw shrsoh ehkdyh dv li wkh| kdyh d wdvwh iru= 41 frqvlvwhqf| ehwzhhq wkh dfwlrq wdnhq dqg wkh
eholhi khog dw hdfk srlqw lq wkh ghflvlrq surfhvv dqg 51 frqvlvwhqf| ehwzhhq eholhiv lq glhuhqw
vwdjhv ri wkh ghflvlrq surfhvv1
Wklv sdshu sursrvhv d prgho lq zklfk xwlolw| ixqfwlrqv ghshqg gluhfwo| rq eholhiv1 Wkh vxj0
jhvwhg iudphzrun khosv h{sodlq dq dvvruwphqw ri h{shulphqwdo revhuydwlrqv uhodwhg wr lqirupdwlrq
hfrqrplfv1 Lq sduwlfxodu/ L fkdudfwhul}h zkhq djhqwv ehfrph ryhufrqghqw ru xqghufrqghqw/ dqg
lghqwli| fdvhv lq zklfk djhqwv duh olnho| wr shuvlvw zlwk wkh dfwlrq wkh| fkrvh lqlwldoo|1 Ixuwkhupruh/
L vkrz wkdw djhqwv pd| vrphwlphv suhihu ohvv dffxudwh vljqdov ryhu pruh dffxudwh rqhv dqg ohvv
vljqdov wr pruh vljqdov1
L frqvlghu d vhshudeoh xwlolw| ixqfwlrq wkdw lv frpsulvhg ri wzr whupv1 Wkh uvw lv lqvwuxphqwdo
xwlolw|/ zklfk frlqflghv zlwk wkh xwlolw| frqvlghuhg lq vwdqgdug hfrqrplf dqdo|vlv1 Wkh vhfrqg whup
5

lv eholhi xwlolw|/ fruuhvsrqglqj wr wkh gluhfw xwlolw| iurp wkh vhtxhqfh ri eholhiv dgrswhg e| wkh djhqw1
Wklv irup ri xwlolw| ixqfwlrqv fdswxuhv wkh wudghr ehwzhhq pdnlqj rswlpdo fkrlfhv dffruglqj wr
vwdqgdug dqdo|vlv +pd{lpl}lqj wkh lqvwuxphqwdo xwlolw|, dqg ehlqj frqvlvwhqw +pd{lpl}lqj wkh eholhi
xwlolw|,1 Lq dgglwlrq/ wkh ixqfwlrqdo irup xvhg wkurxjkrxw wkh sdshu ehorqjv wr d fodvv ri xwlolw|
ixqfwlrqv wkdw kdyh dq d{lrpdwlf irxqgdwlrqv jurxqghg lq vrph ri wkh sv|fkrorjlfdo revhuydwlrqv
vxuyh|hg lq Vhfwlrq LL +vhh \duly ^5334`,1
L orrn dw d g|qdplf surfhvv lq zklfk dq djhqw wulhv wr jxhvv wkh vwdwh ri qdwxuh rxw ri wzr
srvvleoh vwdwhv1 Dw hdfk vwdjh wkh djhqw uhfhlyhv d +suredelolvwlf, vljqdo lqglfdwlqj zkdw wkh vwdwh
ri wkh zruog lv1 Wkh djhqw kdv wr wkhq fkrrvh d eholhi dqg dq dfwlrq1
Dv frpsduhg zlwk vwdqgdug prghov ri ghflvlrqv xqghu xqfhuwdlqw|/ wkhuh duh wzr qryho frpsr0
qhqwv lq wklv vhwxs= wkh gluhfw ghshqghqf| ri xwlolw| rq eholhiv dqg wkh delolw| ri wkh djhqw wr fkrrvh
khu eholhiv1 Lq rwkhu zrugv/ wkh fxuuhqw prgho wuhdwv eholhiv dv dfwlrqv14
Rqfh djhqwv fkrrvh wkhlu eholhiv/ wkhlu ohyho ri vrsklvwlfdwlrq/ ru lqwurvshfwlrq/ dv phdvxuhg
e| wkh h{whqw wr zklfk wkh| shufhlyh fruuhfwo| wkhlu ixwxuh ehkdylru/ sod|v d fuxfldo sduw lq wkh
rxwfrphv ri wkh ghflvlrq surfhvv1 L sdudphwul}h lqwurvshfwlrq zlwk rqh +frqwlqxrxv, yduldeoh wkdw
ghqrwhv wkh zhljkw wkh djhqw wklqnv vkh zloo jlyh wkh eholhi xwlolw| lq wkh ixwxuh15
Zkhq djhqwv kdyh d wdvwh iru frqvlvwhqf| dqg duh vx!flhqwo| iruzdug orrnlqj +lqwurvshfwlyh,/
dffxudflhv ri ixwxuh vljqdov pd| dhfw wkhlu fxuuhqw fkrlfhv ri eholhiv1 Iru h{dpsoh/ li d ixwxuh vljqdo
lv yhu| dffxudwh/ djhqwv pljkw suhihu wr fkrrvh d pruh frqvhuydwlyh eholhi lq wkh suhvhqw wkdw zrxog
doorz wkhp wr iroorz wkh dffxudwh ixwxuh vljqdo zlwkrxw orvlqj pxfk eholhi xwlolw|1 Sursrvlwlrq 4
vshflhv wkh flufxpvwdqfhv xqghu zklfk dq djhqw zloo fkrrvh d eholhi wrr h{wuhph ru wrr frqvhuydwlyh
zlwk uhvshfw wr wkh Ed|hvldq eholhi1 Vlpso| sxw/ li djhqwv sxw vx!flhqw zhljkw rq ehlqj frqvlvwhqw/
dqg kdyh d vx!flhqwo| dffxudwh lqlwldo vljqdo/ wkhq wkh| duh ryhufrqghqw zkhq wkh lqlwldo vljqdo
vxssruwv wkhlu sulru eholhi dqg xqghufrqghqw zkhq wkhlu lqlwldo vljqdo rssrvhv wkhlu sulru eholhi1
Eldvhv lq eholhiv kdyh d gluhfw hhfw rq wkh dfwlrqv wdnhq1 Lqwxlwlyho|/ frqvlghu dq djhqw zkr
grhv qrw ixoo| shufhlyh khu ixwxuh wdvwh iru frqvlvwhqf| +l1h1/ kdv olplwhg lqwurvshfwlrq,1 Vkh pljkw
fkrrvh h{wuhph eholhiv dw wkh rxwvhw lq rughu wr jhw lpphgldwh eholhi xwlolw|/ huurqhrxvo| suhglfwlqj
wkdw vkh zloo qrw glvwruw pxfk khu ixwxuh Ed|hvldq srvwhulru1 Krzhyhu/ rqfh d odwhu shulrg duulyhv/
wkh djhqw grhv fduh derxw frqvlvwhqf|/ grhv qrw xsgdwh khu eholhiv vx!flhqwo|/ dqg dv d frqvhtxhqfh
4

Qrwh wkdw hyhu|gd| odqjxdjh vxjjhvwv wkh uhvhpeodqfh ri eholhiv dqg vwdqgdug dfwlrqv1 H1j1/ zh wdon derxw
kroglqj eholhiv/ jlylqj xs eholhiv/ fkdqjlqj eholhiv/ hwf1
5
Iru h{dpsoh/ iruzdug orrnlqj djhqwv duh rqhv lq zklfk wkh zhljkw wkh djhqw wklqnv vkh*oo jlyh wkh eholhi xwlolw| lv
wkh dfwxdo wuxh zhljkw1 Vxfk djhqwv duh k|shu0udwlrqdo lq wkdw wkh| ixoo| shufhlyh/ dqg wdnh lqwr dffrxqw/ wkh hhfwv ri
fxuuhqw fkrlfhv ri dfwlrqv dqg eholhiv rq doo ixwxuh rqhv1 Rq wkh rwkhu hqg ri wkh vshfwuxp/ qdlyh rswlplvwv frqvlghu
wkh hhfwv ri wkhlu fxuuhqw fkrlfhv rq ixwxuh rqhv/ exw dvvxph wkh| zloo qrw kdyh dq| qrq0lqvwuxphqwdo prwlydwlrqv
lq wkh ixwxuh1 Wkh| duh wlph lqfrqvlvwhqw lq wkdw wkh| plvwdnhqo| eholhyh wkdw wkh| zloo ehkdyh dv shuihfw Ed|hvldqv
lq wkh ixwxuh1

6

shuvlvwv fkrrvlqj khu sdvw dfwlrq1 Lq vxfk vlwxdwlrqv/ klvwru| ixoo| ghwhuplqhv wkh sdwk ri dfwlrqv wr
eh wdnhq/ hyhq zkhq sxuh vwdwlvwlfdo lqihuhqfh zrxog qrw surylgh d mxvwlfdwlrq iru wklv vwlfnlqhvv lq
dfwlrqv1 Sursrvlwlrq 5 jlyhv d irupdo fkdudfwhul}dwlrq ri vlwxdwlrqv lq zklfk vxfk h{fhvv shuvlvwhqfh
dulvhv1
D Ed|hvldq hfrqrphwulfldq wu|lqj wr w d xwlolw| ixqfwlrq wr wkh djhqw*v fkrlfhv/ revhuylqj wkh
dydlodeoh vljqdov/ zrxog wkxv vhh d vhhplqjo| lqfuhdvlqj wdvwh iru wkh lwldo dfwlrqv wdnhq1 Glhuhqwo|
sxw/ h{fhvv shuvlvwhqfh lq dfwlrq fkrlfhv lv revhuydwlrqdoo| htxlydohqw wr kdelw irupdwlrq1 Wklv
htxlydohqfh lv irupdol}hg lq Vhfwlrq LY1
Orrnlqj dw h{shfwhg xwlolw| ohyhov/ L ghulyh jhqhudo uhvxowv wdnlqj wzr srlqwv ri ylhz1 Wkh
uvw lv sdwhuqdolvwlf1 Li dq rxwvlghu fdq ixoo| suhglfw wkh djhqw*v ehkdylru/ zkdw nlqg ri vljqdov
zrxog vkh fkrrvh lq rughu wr pd{lpl}h wkh djhqw*v fxuuhqw h{shfwhg xwlolw|1 Wkh rwkhu srlqw ri
ylhz lv qrq0sdwhuqdolvwlf1 L dvn zkdw nlqg ri vljqdov wkh djhqw khuvhoi zrxog suhihu/ wdnlqj lqwr
dffrxqw khu srvvleoh olplwhg lqwurvshfwlrq1 Lq erwk fdvhv lw wxuqv rxw wkdw h{shfwhg xwlolw| pd| eh
orzhu zkhq vljqdov duh pruh dffxudwh +Sursrvlwlrqv 6 dqg 7, ru pruh dexqgdqw +Sursrvlwlrq 8,1
Lqwxlwlyho|/ d pruh dffxudwh vljqdo pd| udlvh lqvwdqwdqhrxv xwlolw|/ exw pd| dw wkh vdph wlph fdxvh
dq djhqw wr fkrrvh pruh h{wuhph eholhiv/ khqfh klqghulqj wkh srvvlelolw| ri dvvlplodwlqj rwkhu slhfhv
ri lqirupdwlrq zlwkrxw irujrlqj d juhdwhu frvw lq whupv ri wkh eholhi xwlolw|1 Zkhq wkh odwwhu hhfw
grplqdwhv/ wkh djhqw pd| suhihu ohvv dffxudwh vljqdov/ ru ohvv vljqdov dowrjhwkhu1
Ryhufrqghqfh/ xqghufrqghqfh/ h{fhvv shuvlvwhqfh lq dfwlrq fkrlfhv/ dqg kdelw irupdwlrq duh
skhqrphqd wkdw kdyh ehhq lghqwlhg lq hfrqrplf ehkdylru +vhh Vhfwlrq LL,1 Wkh wdvwh iru ohvv
dffxudwh lqirupdwlrq/ dv fdswxuhg lq Sursrvlwlrqv 7 dqg 8/ fruuhvsrqg wr revhuydwlrqv wkdw kdyh
qrw |hw ehhq whvwhg iru lq wkh hog ru/ h{shulphqwdoo|/ lq wkh ode1 Khqfh/ wkh fxuuhqw iudphzrun
erwk rujdql}hv d ihz revhuyhg skhqrphqd xqghu wkh vdph wkhruhwlfdo xpeuhood/ dv zhoo dv surylghv
qhz suhglfwlrqv wkdw fdq vhuyh dv d qdwxudo whvwlqj jurxqg1
Wkh prgho kdv d zlgh udqjh ri dssolfdwlrqv1 Lq srolwlfdo hfrqrp|/ wkh qrwlrq ri vhohfwlyh h{sr0
vxuh lv iron zlvgrp +h1j1/ srolwlfdo yrwhuv h{srvh wkhpvhoyhv wr sursdjdqgd idyrulqj wkhlu vlgh 0 vhh
Vhduv dqg Iuhhgpdq ^4<9:`,1 Fdpsdljqv dqg srolwlfdo ghedwhv pd| eh ylhzhg dv vljqdov zklfk wkh
yrwhuv fdq fkrrvh wr revhuyh ru ljqruh1 Lq pdunhwlqj/ wkh uhvxowv vkhg oljkw rq zd|v wr h{sorlw djhqwv
zkr fduh derxw frqvlvwhqf| +dq h{dpsoh lv wkh irrw0lq0wkh0grru whfkqltxh zklfk jhwv frqvxphuv wr
pdnh d elj frpplwphqw iroorzlqj d vpdoo rqh 0 vhh/ h1j1/ Iuhhgpdq dqg Iudvhu ^4<99`,1 Lq exvlqhvv
pdqdjhphqw/ wkh prgho sduwldoo| h{sodlqv wkh whqghqf| ri pdqdjhuv wr shuvlvw zlwk xqvxffhvvixo
srolflhv +vhh Vwdz ^4<:9`,1 Lq qdqfh/ wkh prgho suhglfwv d eldv wrzdugv hduo| lqyhvwphqwv dqg frq0
wlqxrxv xvh ri vxe0rswlpdo vrxufhv ri lqirupdwlrq/ dv zhoo dv xqghu dqg ryhufrqghqfh frqfhuqlqj
lqyhvwphqw ghflvlrqv +iru dq hpslulfdo ryhuylhz/ vhh Vkohlihu ^5333`,1 Lq oderu/ wkh prgho suhglfwv
ryhufrqghqfh ri zrunhuv lq kd}dugrxv rffxsdwlrqv +vhh Dnhuori dqg Glfnhqv ^4<;5` dqg uhihuhqfhv
7

wkhuhlq,1 Vrph ri wkhvh dssolfdwlrqv duh h{soruhg lq pruh ghwdlo lq Vhfwlrq Y1
Wkh vwuxfwxuh ri wkh sdshu lv dv iroorzv1 Vhfwlrq LL surylghv vrph sv|fkrorjlfdo hylghqfh iru
frqupdwru| eldv dqg frjqlwlyh glvvrqdqfh/ dv zhoo dv uhylhzv wkh h{lvwlqj olwhudwxuh lq hfrqrplfv
frqqhfwlqj wr wkh fxuuhqw sdshu1 Vhfwlrq LLL frqwdlqv wkh jhqhudo vhwxs ri wkh g|qdplf ghflvlrq
sureohp wuhdwhg1 Vhfwlrq LY suhvhqwv wkh pdlq uhvxowv iru wkh uhvwulfwhg vhwxs1 Vhfwlrqv LY1D dqg
LY1E dqdo|}h wkh fkrlfh ri eholhiv dqg dfwlrqv/ zkloh Vhfwlrq LY1F fkdudfwhul}hv wkh ghshqghqf|
ri h{shfwhg xwlolwlhv rq wkh lqirupdwlrq vwuxfwxuh1 Vhfwlrq Y glvfxvvhv dssolfdwlrqv ri wkh prgho1
Vhfwlrq YL frqwdlqv vrph uhvxowv rq vwudwhjlf lqwhudfwlrqv ehwzhhq djhqwv zlwk suhihuhqfhv iru
frqvlvwhqf|1 Vhfwlrq YLL frqfoxghv1 Prvw ri wkh surriv duh uhohjdwhg wr wkh dsshqglfhv1 Dsshqgl{
D frqwdlqv wkh surriv iru wkh uhvxowv lq wkh dssolhg sduw ri wkh sdshu1 Dsshqgl{ E frqwdlqv vrph
vshfldo uhvxowv iru iruzdug orrnlqj djhqwv1

LL1 Sv|fkrorjlfdo Hylghqfh dqg Uhodwhg Olwhudwxuh
Frqupdwru| eldv lv lghqwlhg zlwk wkh skhqrphqrq ri shrsoh lqwhusuhwlqj qhz hylghqfh lq
zd|v wkdw frqup wkhlu fxuuhqw eholhiv1 D odujh erg| ri olwhudwxuh looxvwudwhv wklv skhqrphqrq1 Lq
dq lpsruwdqw hduo| sdshu/ Rvndps ^4<98` jdyh sudfwlflqj dqg wudlqlqj folqlfdo sv|fkrorjlvwv d judg0
xdo ghvfulswlrq ri d fdvh1 Hdfk wkhudslvw zdv suhvhqwhg zlwk irxu vhwv ri fxpxodwlyho| lqfuhdvlqj
dprxqwv ri lqirupdwlrq dv wkh edvlv iru pdnlqj klv ru khu ghflvlrqv1 Rvndps glvfryhuhg wkdw eh|rqg
vrph hduo| srlqw lq wkh lqirupdwlrq0jdwkhulqj surfhvv/ suhglfwlyh dffxudf| uhdfkhv d fhlolqj1 Qhy0
huwkhohvv/ frqghqfh lq rqh*v ghflvlrqv frqwlqxhv wr folpe vwhdglo| dv pruh lqirupdwlrq lv rewdlqhg1
Lq d vlplodu vslulw/ Gduoh| dqg Jurvv ^4<;6` ghprqvwudwhg wkdw whdfkhuv plvuhdg shuirupdqfh ri
sxslov dv vxssruwlqj wkhlu lqlwldo lpsuhvvlrqv ri wkrvh sxslov1
Iudqn dqg Jlorylfk ^4<;;` uvw dvnhg d jurxs ri uhvsrqghqwv wr udwh wkh dsshdudqfh ri surihv0
vlrqdo irrwedoo dqg krfnh| xqlirupv1 Vxemhfwv mxgjhg wkrvh xqlirupv wkdw zhuh dw ohdvw kdoi eodfn
wr eh wkh prvw edg/ phdq/ dqg djjuhvvlyh orrnlqj1 Wkhvh shufhswlrqv lq xhqfhg/ lq wxuq/
krz vshflf dfwlrqv shuiruphg e| eodfn xqliruphg whdpv zhuh ylhzhg1 Wkh dxwkruv vkrzhg jurxsv
ri wudlqhg uhihuhhv rqh ri wzr ylghrwdshv ri wkh vdph djjuhvvlyh sod| lq d irrwedoo vfulppdjh/ rqh
zlwk wkh djjuhvvlyh whdp zhdulqj zklwh dqg rqh zlwk lw zhdulqj eodfn1 Wkh uhihuhhv zkr vdz wkh
eodfn0xqliruphg yhuvlrq udwhg wkh sod| dv pxfk pruh djjuhvvlyh dqg pruh ghvhuylqj ri d shqdow|
wkdq wkrvh zkr vdz wkh zklwh0xqliruphg yhuvlrq1 Wkh uhihuhhv vdz zkdw wklv frpprq qhjdwlyh
dvvrfldwlrq ohg wkhp wr h{shfw wr vhh1 Dv d uhvxow ri wklv eldv/ lw lv qrw vxusulvlqj wr ohduq wkdw
whdpv wkdw zhdu eodfn xqlirupv lq wkhvh wzr vsruwv kdyh ehhq shqdol}hg vljqlfdqwo| pruh wkdq
dyhudjh gxulqj wkh odvw wzr ghfdghv1
Wkhuh lv vrph hylghqfh lqglfdwlqj wkdw wkh frqupdwru| eldv skhqrphqrq lv kdug0zluhg lq
8

rxu eudlqv1 Wkh PfJrun Hhfw lq olqjxlvwlfv uhihuv wr wkh revhuydwlrq wkdw zkhq vxemhfwv duh
vkrzq d ylghr ri d shuvrq vd|lqj g vrxqgv +olsv vhsdudwhg lq surqxqfldwlrq,/ dqg wkh dffrpsdq|lqj
vrxqgwudfn lv wkdw ri e vrxqgv +olsv forvhg lq surqxqfldwlrq,/ vxemhfwv uhsruw khdulqj j +dv lq
juhdw, vrxqgv1 Wklv hhfw ydqlvkhv lpphgldwho| zkhq vxemhfwv duh dvnhg wr vkxw wkhlu h|hv1 Wkxv/
lw vhhpv dv li wkh eudlq jrhv dxwrpdwlfdoo| lqwr d surfhvv ri uhvroylqj dq lqfrqvlvwhqf| ehwzhhq ylvxdo
dqg dxudo vwlpxol +vhh Iurpnlq ^5333` iru d pruh hoderudwh ghvfulswlrq ri wkh h{shulphqw,1
Frjqlwlyh Glvvrqdqfh lv d eurdg eldv/ zklfk dvvhuwv wkdw diwhu kdylqj fkrvhq dq dfwlrq shrsoh
whqg wr fkdqjh wkhlu eholhiv derxw wkh uhodwlyh djuhhdeohqhvv ri wklv dfwlrq1 Ihvwlqjhu ^4<8:` zdv
rqh ri wkh uvw wr uhjdug dwwlwxghv khog e| d vlqjoh lqglylgxdo wr h{lvw lq d vwdwh ri whqvlrq/ zklfk
kh whuphg glvvrqdqfh1 Wklv rffxuv zkhq dq lqglylgxdo grhv vrphwklqj wkdw iroorzv qhlwkhu iurp
wkh dwwlwxghv wkh shuvrq krogv qru iurp vrph h{wulqvlf irufh vxfk dv wkh h{shfwdwlrq ri uhzdug1
Ihvwlqjhu vkrzhg wkdw lq vxfk d vlwxdwlrq shrsoh fdq eh h{shfwhg wr pryh wkhlu eholhiv lqwr olqh
zlwk wkhlu ehkdylru1 Dv dq looxvwudwlrq/ li dq lqglylgxdo lv pdqhxyhuhg lqwr gholyhulqj d vshhfk
wkdw kdsshqv qrw wr uh hfw wkh shuvrq*v sulru eholhiv/ dqg li wkh shuvrq lv sdlg olwwoh ru qrwklqj
iru grlqj vr/ wkh shuvrq*v h{suhvvhg dwwlwxghv pryh lq wkh gluhfwlrq ri wkh srvlwlrq wdnhq lq wkh
vshhfk1 Wklv pryhphqw lv eorfnhg li wkh shuvrq lv sdlg d vxevwdqwldo dprxqw iru gholyhulqj wkh
vshhfk1 Lq wkh odwwhu fdvh/ jlylqj wkh vshhfk lv kljko| frqvlvwhqw zlwk wkh sd|phqw dqg wkh shuvrq
uhfrjql}hv wkh odfn ri uhodwlrq ehwzhhq sulru eholhiv dqg zkdw zdv vdlg1 Vlploduo|/ vwxghqwv zkr duh
sdlg yhu| olwwoh wr shuirup d erulqj wdvn ghvfuleh lw wr wkhlu fodvvpdwhv dv uhodwlyho| lqwhuhvwlqj1
D ihz h{shulphqwhuv xvhg d vlplodu iudphzrun wr looxvwudwh mxvwlfdwlrq ri fuxho ehkdylru1 Iru
h{dpsoh/ Jodvv ^4<97` uhsruwhg wkdw vwxghqwv zkr zhuh dvnhg wr jlyh hohfwulfdo vkrfnv wr ylfwlpv
vxevhtxhqwo| orzhuhg wkhlu rslqlrqv ri wkhlu ylfwlpv +d jrrg vxppdu| ri vhplqdo h{shulphqwv rq
frjqlwlyh glvvrqdqfh dsshduv lq Durqvrq ^4<9<` dqg Qlvehww dqg Urvv ^4<<4`,1
Lq dgglwlrq/ h{shulphqwv vkrz wkdw shrsoh zlwk wkh vdph lqirupdwlrq glhu v|vwhpdwlfdoo| lq
wkhlu eholhiv ghshqglqj rq wkhlu wkhrulhv/ iroorzlqj dq dfwlrq1 Iru lqvwdqfh/ Euhkp ^4<89` dvnhg
zrphq wr udwh wkh zruwklqhvv ri wzr dssoldqfhv1 Wkh vxemhfwv wkhq fkrvh rqh ri wkh dssoldqfhv
dqg zhuh jlyhq wkhlu fkrlfh zudsshg1 D ihz plqxwhv odwhu/ dqg ehiruh wkh er{hv zhuh xqzudsshg/
wkh zrphq zhuh jlyhq d vhfrqg hydoxdwlrq ri wkh wzr dssoldqfhv1 Wkhvh hydoxdwlrqv fkdqjhg
v|vwhpdwlfdoo| lq idyru ri wkh dssoldqfh wkdw kdg ehhq fkrvhq1 Vlploduo|/ Nqr{ dqg Lqnvwhu ^4<9;`
lqwhuylhzhg ehwwruv dw d udfh wudfn dqg vkrzhg wkdw shrsoh mxvw ohdylqj wkh ehwwlqj zlqgrz sodfhg
pxfk kljkhu rggv rq wkhlu kruvh wkdq shrsoh lq wkh txhxh zkr kdgq*w erxjkw d ehwwlqj wlfnhw
|hw1
Wkhuh kdyh ehhq vhyhudo dwwhpswv lq wkh olwhudwxuh wr lqfrusrudwh eholhiv gluhfwo| lqwr wkh djhqw*v
xwlolw| ixqfwlrq1 Ergqhu dqg Suhohf ^4<<:` dqg Dnhuori dqg Nudqwrq ^5333` lqwurgxfh wkh lghdv ri
vhoi0vljqdolqj dqg lghqwlw|1 Wkhvh dxwkruv frqvlghu djhqwv zkr ydoxh wkhlu eholhiv derxw wkhpvhoyhv
9

dqg wkxv fkrrvh dfwlrqv wkdw qrw rqo| pd{lpl}h vrph lqvwuxphqwdo xwlolw|/ exw dovr d xwlolw| wkdw
uh hfwv wkhlu vhoi0shufhswlrqv1 Krzhyhu/ wkhvh prghov frqvlghu djhqwv zkr fkrrvh rqo| dfwlrqv +dqg
qrw eholhiv, dqg uhvroyh xqfhuwdlqwlhv +derxw wkhlu rzq w|shv, e| vwdqgdug Ed|hvldq xsgdwlqj/ xvlqj
wkhlu rzq dfwlrqv dv vljqdov1 Wkh suhvhqw prgho jrhv d vwhs ixuwkhu/ e| doorzlqj iru h{whuqdo vljqdov
derxw xqfhuwdlqw| wkdw shuwdlq qrw rqo| wr wkh lqglylgxdo khuvhoi1 Ixuwkhupruh/ L prgho krz dq
djhqw zloo hqgrjhqrxvo| plvuhdg vljqdov dqg fkrrvh khu eholhiv1
Pruh uhfhqwo|/ \duly ^5334` surylghg dq d{lrpdwlf irxqgdwlrq iru frqvlghulqj jhqhudol}hg glv0
frxqwhg xwlolw| ixqfwlrqdo irupv wkdw frqwdlq eholhiv dv dujxphqwv1 Wkh ixqfwlrqdo irup xvhg lq wkh
fxuuhqw sdshu lv/ lq idfw/ d vshfldo fdvh ri wkdw fkdudfwhul}hg e| \duly1
Rq wkh pruh dssolhg dvshfw/ Dnhuori dqg Glfnhqv ^4<;5` sursrvhg d vlpsoh prgho ri frjqlwlyh
glvvrqdqfh uhohydqw wr zrunhuv lq kd}dugrxv rffxsdwlrqv1 Wkh| orrnhg dw d wzr shulrg prgho
lq zklfk frvw0hhfwlyh vdihw| htxlsphqw lv dydlodeoh rqo| lq wkh vhfrqg shulrg dqg vkrzhg wkdw
frjqlwlyh glvvrqdqfh lpsolhv wkdw zrunhuv zloo frqylqfh wkhpvhoyhv lq wkh uvw shulrg wkdw wkh| duh
qrw xqvdih zlwkrxw wkh vdihw| htxlsphqw1 Irupdoo|/ zrunhuv fkdqjh wkhlu suredelolvwlf dvvhvvphqwv
ri wkh kd}dugv ri qrw ehlqj surwhfwhg e| dq h{rjhqrxvo| jlyhq dprxqw1 Dv d frqvhtxhqfh/ djhqwv
zloo qrw sxufkdvh wkh htxlsphqw lq wkh vhfrqg shulrg1
Udelq dqg Vfkudj ^4<<<` suhvhqw d prgho ri frqupdwru| eldv lq zklfk/ zlwk vrph h{rjhqrxvo|
jlyhq suredelolw|/ shrsoh plvuhdg vljqdov wkdw frqwudglfw wkhlu fxuuhqw eholhiv1 Vrph ri p| uhvxowv
frqfhuqlqj ryhufrqghqfh uhvhpeoh Udelq dqg Vfkudj*v lq vslulw1 Krzhyhu/ wkh prgho surylghg
lq wklv sdshu glhuv iurp wkhluv/ dv zhoo dv iurp Dnhuori dqg Glfnhqv*/ lq wkdw L hqgrjhql}h wkh
suredelolw| zlwk zklfk dq djhqw plvlqwhusuhwv lqirupdwlrq dydlodeoh wr khu/ dqg wkh h{whqw wr zklfk
vkh grhv vr1 Pruhryhu/ L pdnh suhglfwlrqv frqfhuqlqj wkh txdolw| ri vljqdov djhqwv zloo fkrrvh wr
rewdlq1
Ehqderx dqg Wluroh ^5334` dqg Nrv}hjl ^4<<<` sursrvh prghov wkdw h{sodlq ryhufrqghqfh1
Wkh| dvvxph yhu| vshflf ixqfwlrqdo irupv dqg d g|qdplfv lq zklfk rqo| rqh dfwlrq lv wdnhq1
Ixuwkhupruh/ wkh djhqwv* eholhiv duh d fkrlfh yduldeoh lq wkh vhqvh wkdw wkh djhqwv fkrrvh zkhq
wr vwrs uhfhlylqj lqirupdwlrq1 Xqolnh wkh fxuuhqw vhwwlqj/ rqfh wkh vwrsslqj wlph lv vhw/ Ed|hvldq
xsgdwlqj lv xvhg wr frqvwuxfw eholhiv wkurxjkrxw wkh ghflvlrq surfhvv1
Wr vxppdul}h/ wkh olqn ehwzhhq doo ri wkhvh sdshuv lv wkh dfnqrzohgjhphqw ri prwlydwhg glv0
wruwlrqdu| eholhiv1 Wkh prgho sxw iruwk lq wklv sdshu lv glhuhqw lq wkdw lw dgplwv wkh hqgrjhqrxv
fkrlfh ri eholhiv 0 jlyhq dq lqirupdwlrq vwuxfwxuh/ djhqwv fkrrvh erwk dfwlrqv dqg eholhiv1
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Wkdw lv/ +zlwkrxw orvv ri jhqhudolw|, L dvvxph djhqwv eholhyh O lv pruh olnho| wr eh wkh

vwdwh ri wkh zruog1
Eholhiv duh wkhq suredelolw| dvvhvvphqwv ri wkh vwdwh ri wkh zruog  ehlqj O=
L dvvxph wkh vhw ri dfwlrqv frlqflghv zlwk wkh vwdwhv ri qdwxuh1 Wkdw lv/ D @

@ iO> Uj=

Dw hdfk vwdjh/ wkh djhqw wulhv wr jxhvv wkh vwdwh ri wkh zruog1 Vkh uhfhlyhv +lqvwuxphqwdo, xwlolw|
li khu jxhvv lv fruuhfw1 Irupdoo|/ wkh djhqw fdq fkrrvh dq dfwlrq d 5 iO> Uj> zklfk gholyhuv vwdjh
xwlolwlhv ri x+d @ , @ 4 dqg x+d 9@ , @ 3=
Wkh vwdwhv ri wkh zruog fdq eh ylhzhg dv d phwdskru iru dq dvvruwphqw ri hfrqrplf dqg qrq0
hfrqrplf yduldeohv1 Iru h{dpsoh/ O dqg U fdq vwdqg iru wkh vxshulrulw| ri glhuhqw srolwlfdo fdq0
glgdwhv +Ohiw ru Uljkw,/ w iru glhuhqw surihvvlrqv +zhljkw Oliwlqj ru Uhvhdufk,/ shuvrqdo pdwfkhv
+Ohr ru Ure,/ glhuhqw exvlqhvv ru qdqfldo srolflhv +vxfk dv lqyhvwlqj ru qrw lqyhvwlqj,/ hwf1
Zkhq fkrrvlqj dq dfwlrq/ L dvvxph wkdw djhqwv kdyh wr dfw lq d zd| wkdw lv frqvlvwhqw zlwk
wkhlu eholhiv1 Khqfh/ djhqwv* ghflvlrqv vdwlvi|=
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Xvlqj wkh deryh phwdskruv/ d yrwhu zkr eholhyhv wkdw Ohiw lv pruh olnho| wr surylgh ehwwhu
ohdghuvkls zloo yrwh Ohiw/ dq xqghujudgxdwh zkr eholhyhv zhljkw Oliwlqj lv olnho| wr eh d ehwwhu w
iru khu wkdq Uhvhdufk zloo fkrrvh dq dwkohwlf fduhhu ryhu dq dfdghplf rqh/ hwf1
Wkh xwlolw| ri wkh djhqw lv frpsulvhg ri wzr sduwv= Wkh uvw lv lqvwuxphqwdo xwlolw|/ zklfk
frqfhuqv wkh shu shulrg sd|rv ri dfwlrqv1 Wkh vhfrqg lv d eholhi xwlolw|/ zklfk fruuhvsrqgv wr wkh
xwlolw| dq djhqw jhwv iurp fkdqjhv lq eholhiv1 Wkdw lv/ wrwdo xwlolw| dw wlph w iru d W shulrg surfhvv
lv ri wkh irup=
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zkhuh  lv wkh glvfrxqw idfwru +zklfk zloo xvxdoo| eh dvvxphg wr htxdo 3 ru 4,/ x ghqrwhv wkh
lqvwdqwdqhrxv lqvwuxphqwdo xwlolw|/ dqg y ghqrwhv wkh lqvwdqwdqhrxv eholhi xwlolw|1
Dq d{lrpdwlf irxqgdwlrq iru jhqhudol}hg glvfrxqwhg xwlolw| ixqfwlrqdo irupv zklfk kdyh erwk
;

dfwlrqv dqg eholhiv dv dujxphqwv lv surylghg lq \duly ^5334`1
Vlqfh wkh dfwlrq lv dvvxphg wr eh frpsohwho| ghwhuplqhg e| wkh eholhi dw hdfk vwdjh/ l1h1/
d| @ d+| ,/ y lv lq idfw d ixqfwlrq ri rqo| wzr dujxphqwv dqg rqh fdq zulwh=
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Dw hdfk vwdjh w A 4/ wkh djhqw uhfhlyhv d vljqdo v| ri dffxudf| t| 1 Wkdw lv/ Su+v| @ , @ t| 1
Wkhvh vljqdov duh frqglwlrqdoo| lqghshqghqw dfurvv wlph1
Dw hdfk vwdjh wkh djhqw fkrrvhv dq dfwlrq dqg eholhi vr dv wr pd{lpl}h khu h{shfwhg wrwdo xwlolw|1
Vlqfh L dp dvvxplqj wkdw dfwlrqv qhhg wr eh frqvlvwhqw zlwk wkh eholhiv/ wkh| duh ixoo| ghwhuplqhg
e| wkh eholhiv1 Lq sduwlfxodu/ wkh djhqw kdv hvvhqwldoo| rqh fkrlfh yduldeoh zklfk lv wkh eholhiv1 Lw
lv lpsruwdqw wr qrwh khuh wkdw iru d qlwh vhw ri dfwlrqv dqg d frqwlqxxp ri eholhiv/ vshfli|lqj wkh
dfwlrq grhvq*w lqglfdwh zklfk eholhi zdv fkrvhq1 Wkdw lv/ wkh prgho fdqqrw eh wudqvodwhg lqwr d
vwdqgdug prgho lq zklfk wkh dfwlrqv duh fkrvhq dqg wkh eholhiv duh lpsolhg e| wkh dfwlrqv dv lq wkh
vwdqgdug iudphzrun16
Uhpdun 4= Rqfh wkh djhqw fkrrvhv khu eholhiv/ wkh dvvxpswlrq wkdw dfwlrqv duh frqvlvwhqw zlwk
wkh eholhiv lv txlwh vwurqj1 Wklv fdq eh dq rxwfrph ri d xwlolw| vshfli|lqj d yhu| kljk frvw ri
fkrrvlqj dq dfwlrq wkdw grhvq*w fruuhvsrqg wr wkh eholhi khog +iru h{dpsoh/ zkhq wkh djhqw
qhhgv wr mxvwli| khu dfwlrqv 0 vhh Whworfn hw do1 ^4<;<`,1
Li wkh eholhi khog dw wlph w lv | dqg vljqdo v|n ri dffxudf| t|n lv revhuyhg/ wkhq wkh xsgdwhg

srvwhulru/ dffruglqj wr Ed|hv* uxoh/ lv jlyhq e|=
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Uhpdun 5= Lq wkh uvw vwdjh/ Ed|hvldq xsgdwlqj |lhogv=
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Zh frxog wklqn ri wkh djhqw dv slfnlqj dffxudflhv ri vljqdov dqg xvlqj rqo| Ed|hv* uxoh wr xsgdwh1 Wkh prgho
zrxog wkhq suhglfw wkdw dq djhqw zrxog qrw dozd|v slfn wkh prvw dffxudwh vljqdo1 Vxfk d prgho lv vwloo voljkwo| pruh
olplwlqj wkdq rxuv vlqfh lw grhvq*w doorz iru wkh dv|pphwulf wlowlqj ri eholhiv +wrzdugv wkrvh ri wkh suhylrxv shulrg,1
Sxw dqrwkhu zd|/ zkloh dq djhqw pljkw eh deoh wr fkrrvh ehwzhhq frlqv ri glhuhqw dffxudflhv/ vkh zrxog qrw eh deoh
wr fkrrvh wkhlu uhdol}dwlrqv1
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Qrwh wkdw zkloh 
 lv wkh wuxh Ed|hvldq srvwhulru diwhu uhfhlylqj v / 2 @ 2 + , lv qrw
qhfhvvdulo| wkh srvwhulru d Ed|hvldq djhqw zrxog irup diwhu revhuylqj vljqdov v dqg v2 1 Lw
lv wkh Ed|hvldq srvwhulru dw vwdjh 5 zkhq wkh sulru lv wkh dgrswhg  dqg wkh vljqdo v2 lv

revhuyhg1 
2 lv wkh ixoo| Ed|hvldq srvwhulru rqo| zkhq wkh djhqw grhvq*w prgli| khu uvw


 
vwdjh eholhiv/ l1h1/ zkhq  @ 
 dqg 2 @ 2 + ,=

Dw hdfk vwdjh w/ djhqwv uhphpehu rqo| wkhlu suhylrxv dfwlrq d| dqg eholhi | =

L frxog dvvxph wkdw djhqwv uhphpehu d orqjhu eorfn ri dfwlrqv dqg eholhiv1 Wklv zrxog qrw
fkdqjh wkh txdolwdwlyh uhvxowv/ exw zrxog pdnh wkh dqdo|vlv pruh frpsolfdwhg dojheudlfdoo|1
Wkh dvvxpswlrq wkdw djhqwv uhphpehu suhylrxv eholhiv udwkhu wkdq suhylrxv vljqdov dqg fruuh0
vsrqglqj dffxudflhv lv jurxqghg lq vrph h{shulphqwdo revhuydwlrqv1 Lqghhg/ wkhuh lv hylghqfh lq
wkh sk|vlrorjlfdo sv|fkrorj| olwhudwxuh wkdw shrsoh uhphpehu wkh wkhrulhv wkh| frqvwuxfwhg ehwwhu
wkdq wkh kdug hylghqfh xsrq zklfk wkhvh eholhiv zhuh fuhdwhg +iru d jrrg ryhuylhz ri wkh hog/ vhh
Vfkdfwhu ^4<<9`,1

L dvvxph djhqwv xvh 
| zkhq fkrrvlqj wkhlu eholhiv dqg dfwlrqv1 L1h1/ djhqwv fdofxodwh wkh

srvwhulru dffxudwho| dqg wkhq fkrrvh/ vlpxowdqhrxvo|/ d eholhi dqg d fruuhvsrqglqj dfwlrq wkdw
edodqfh wkh wudgh0r ehwzhhq wkh lqvwuxphqwdo xwlolw| dqg wkh eholhi xwlolw|1 Wklv dvvxpswlrq lv
pdgh wr plqlpl}h wkh glvwdqfh ehwzhhq wkh fxuuhqw prgho dqg wkh vwdqgdug rqh1 Rqfh suhihuhqfhv
duh vshflhg/ wkh djhqw pd{lpl}hv khu zhoo0ehlqj xvlqj doo wkh lqirupdwlrq dqg vwdwlvwlfdo wrrov vkh
kdv dw kdqg/ dv lv frpprqo| dvvxphg1 Qrqhwkhohvv/ L ylhz wklv dv d vwurqj dvvxpswlrq wkdw vhuyhv
dv d ehqfkpdun/ qrw qhfhvvdulo| dv dq dffxudwh ghslfwlrq ri wkh frjqlwlyh surfhvvhv wkdw jr rq17
Lq wklv sdshu L dqdo|}h wzr vwdjh surfhvvhv1 Wklv doorzv ph wr ghwhuplqh wkh hhfwv ri vljqdov*
dffxudflhv rq wkh ghflvlrq rxwfrphv/ zlwk wkh ohdvw suhvhqwdwlrqdo frpsoh{lw|18
7

Lq wklv iudphzrun L dvvxph wkh djhqw vroyhv dw hdfk vwdjh | d sureohp ri wkh vruw 4@ .>E
w L| 1 Wkh rwkhu h{wuhph
>w c@w

lv dvvxplqj wkh djhqw vroyhv dw wlph | wkh sureohp 4@ .>w L| / lq zklfk fdvh h{whuqdo vljqdov kdyh qr lqirupdwlyh
>w c@w
ydoxh dw doo1 Rqh frxog orrn dw sdudphwulf fdvhv lq ehwzhhq wkhvh wzr h{wuhphv1 L1h1/ djhqwv zkr vroyh sureohpv ri
wkh irup 4@ .k>E nE3k>w L| zkhuh f 9 k 9 1 Wklv w|sh ri dqdo|vlv lv ohiw iru ixwxuh uhvhdufk1
8

>w c@w

w

Orrnlqj dw rqo| wzr vwdjhv wxuqv rxw wr eh sureohpdwlf vlqfh wkhuh duh hqg hhfwv wkdw duh frqirxqghg zlwk wkh
hhfwv gulyhq e| wkh wdvwh iru frqvlvwhqf| lq wklv prgho1 Orrnlqj dw orqjhu surfhvvhv lv srvvleoh/ ohdgv wr vlplodu
txdolwdwlyh uhvxowv/ dqg lv idu pruh fxpehuvrph1
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E1 Vxppdu| ri wkh Hqylurqphqw
Wkhuh duh wzr qryho frpsrqhqwv lq wklv vhwxs uhodwlyh wr vwdqgdug prghov ri ghflvlrq xqghu
xqfhuwdlqw|1 Iluvw/ wkh xwlolw| ghshqgv gluhfwo| rq eholhiv1 Vhfrqg/ wkh djhqw fkrrvhv khu eholhiv1
Sxw glhuhqwo|/ wkh fxuuhqw prgho wuhdwv eholhiv dv dfwlrqv1
Wkh wlpholqh ri wkh surfhvv lv dv irorzv=
w @ 3 = sulru eholhi f @ s/ dfwlrq df fkrvhq
w @ 4 = vljqdo v jlyhq> eholhi  dqg fruuhvsrqglqj dfwlrq d fkrvhq
w @ 5 = vljqdo v2 jlyhq> eholhi 2 dqg fruuhvsrqglqj dfwlrq d2 fkrvhq
Wkh dffxudflhv ri wkh vljqdov duh jlyhq e|=
Su+v @ , @ t dqg Su+v2 @ , @ t2
L dvvxph wkh sulru s A


2

vr wkdw df @ O1

Dw hdfk vwdjh wkh djhqw edvhv khu ghflvlrqv rq khu sdvw eholhi dqg fxuuhqw vljqdo uhdol}dwlrq1
F1 Djhqw W|shv
Dv ghvfulehg deryh/ wkh djhqw*v remhfwlyh ixqfwlrq dw hdfk vwdjh w lv=

A
[
'|



| ^x+d+ ,, . y+

3

3

> 

,`

zkhuh 3 9 >  9 41
Lq odwhu sduwv ri wkh sdshu djhqwv* delolw| wr suhglfw wkhlu ixwxuh suhihuhqfhv/ qdpho| suhglfw wkh
h{whqw wr zklfk wkh| zloo kdyh d ghvluh wr ehkdyh frqvlvwhqwo| udwkhu wkdq pd{lpl}h vroho| wkh lq0
vwuxphqwdo xwlolw|/ zloo sod| dq lpsruwdqw uroh lq wkhlu fkrlfh ri lqirupdwlrq vwuxfwxuhv1 Wkurxjkrxw
wkh sdshu/ L zloo riwhq whup wklv delolw| wr suhglfw ixwxuh suhihuhqfhv lqwurvshfwlrq1
Lq rughu wr fdswxuh glhuhqw ohyhov ri djhqwv* lqwurvshfwlrq/ L frqvlghu d vfhqdulr lq zklfk wkh
djhqw kdv dq remhfwlyh ixqfwlrq dv deryh/ exw eholhyhv wkdw iru doo vwdjhv h
w A w wkh pd{lpl}dwlrq
sureohp lv=
pd{ H>

>|h

|h

A
[
'h
|



| ^x+d+ ,, . hy+

3

3

> 

,`

zkhuh 3 9 h
 9 =
Wkdw lv/ dw hdfk shulrg/ wkh djhqw wklqnv wkdw iurp qh{w shulrg dqg rq wkh uhodwlyh zhljkw ri
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wkh eholhi xwlolw| y zloo eh rqo| 
h/ dqg wkdw vkh zloo fduh pruh derxw wkh lqvwuxphqwdo xwlolw| wkdq
vkh grhv lq wkh fxuuhqw shulrg1
Wkhuh duh wkuhh vshfldo +h{wuhph, fdvhv ri wklv irupdolvp wkdw duh zruwk qrwlqj=
41 P|rslf djhqwv fruuhvsrqg wr  @ 3 +lq zklfk fdvh wkh ydoxh ri 
h lv luuhohydqw wr wkh djhqw*v
ehkdylru,1 Wkhvh djhqwv irup wkhlu eholhiv vr dv wr pd{lpl}h wkhlu rqh shulrg xwlolw|1 Wkh| duh qrw
dzduh ri wkh lpsdfw ri wkhlu fxuuhqw eldv rq wkhlu ixwxuh xwlolw|/ dqg wkh| gr qrw wdnh lqwr dffrxqw
wkhlu ixwxuh lqvwdqwdqhrxv xwlolwlhv1
Dw hdfk vwdjh w/ d p|rslf djhqw vroyhv wkh iroorzlqj pd{lpl}dwlrq sureohp=
pd{ H> ^x+d+| ,, . y+|3 > | ,`

>|

|

51 Iruzdug orrnlqj djhqwv fruuhvsrqg wr  @ 
h= Wkhvh djhqwv wdnh wkh zkroh ixwxuh pd{lpl}dwlrq
sureohp lqwr dffrxqw/ dqg gr vr fruuhfwo|1 Wkhvh duh wkh prvw vrsklvwlfdwhg djhqwv wkdw zh frqvlghu1
Wkh| xqghuvwdqg wkhlu rzq eldvhv dqg frqvlghu wkhp lq wkhlu suhglfwlrq ri h{shfwhg ixwxuh xwlolw|19
D iruzdug orrnlqj djhqw vroyhv dw hdfk vwdjh w wkh iroorzlqj pd{lpl}dwlrq sureohp=
pd{ H>
|

A
[

>|

v1w1

'|

 +v , 5 duj pd{ H> Er
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^x+d+ ,, . y+

3

,`

> 

,`

;  A w> ;v =




61 Qdlyh rswlplvwv fruuhvsrqg wr 
h @ 3 0 wkh| wdnh lqwr dffrxqw wkh hhfw ri fxuuhqw eholhi
fkrlfhv rq ixwxuh fkrlfhv ri dfwlrqv/ exw dvvxph wkdw doo ixwxuh eholhiv zloo eh fkrvhq dffruglqj
wr Ed|hv* uxoh1 Wkhvh djhqwv duh lq0ehwzhhq wkh p|rslf dqg wkh iruzdug orrnlqj lq wkhlu ohyhov ri
vrsklvwlfdwlrq1 Wkh| gr frqvlghu wkh ixwxuh/ exw gr vr lqdffxudwho|1
Wkh pd{lpl}dwlrq sureohp wkh qdlyh rswlplvw vroyhv dw hdfk vwdjh w lv jlyhq e|=
pd{ H>
|

>|

A
[
'|



| ^x+d+ ,, . y+

3

9

3

> 

,`

D iruzdug orrnlqj djhqw lv vrsklvwlfdwhg lq wkh vhqvh wkdw vkh xqghuvwdqgv khu rzq whqghqflhv wr eldv khu eholhiv
wrzdugv frqvlvwhqf|1 Jlorylfk ^4<<4` suhvhqwv dq lqwhuhvwlqj txrwh e| Fkduohv Gduzlq lqglfdwlqj dw ohdvw klv dzduhqhvv
wr klv eldvhv lq wkdw uhdop= 111^L` iroorzhg d jroghq uxoh/ qdpho| wkdw zkhqhyhu d qhz revhuydwlrq ru wkrxjkw fdph
dfurvv ph/ zklfk zdv rssrvhg wr p| jhqhudo uhvxowv/ wr pdnh d phprudqgxp ri lw zlwkrxw idlo dqg dw rqfh> iru L
kdg irxqg e| h{shulhqfh wkdw vxfk idfwv dqg wkrxjkwv zhuh idu pruh dsw wr hvfdsh iurp wkh phpru| wkdq idyrxudeoh
rqhv1
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Wkh dqdo|vlv ri djhqwv lv dffruglqj wr wkhlu ohyhov ri lqwurvshfwlrq dqg sdwlhqfh1 L vwduw e|
frqvlghulqj djhqwv wkdw duh kljko| vrsklvwlfdwhg= iruzdug orrnlqj djhqwv1 Iruzdug orrnlqj djhqwv
uhdol}h wkh hhfwv ri wkhlu pdqlsxodwlrqv ri eholhiv dw shulrg w rq wkhlu eholhi irupdwlrq dw shulrg
w . 4> dqg wkhlu xwlolw| frqvhtxhqfhv1 L wkhq frqwudvw wkh uhvxowv ri wkh iruzdug orrnlqj djhqwv zlwk
wkh dqdo|vlv ri wkh jhqhudo fdvh/ djhqwv zkr kdyh lpshuihfw shufhswlrqv ri wkhlu ixwxuh ehkdylru1
G1 Eholhi Xwlolw|
Sv|fkrorjlfdo vwxglhv vhhp wr vxjjhvw wkdw shrsoh kdyh d wdvwh iru frqghqfh +vhh Jul!q dqg
Wyhuvn| ^4<<5` iru pdq| uhihuhqfhv ri h{fhvvlyh frqghqfh lq pdq| uhdopv ri vflhqwlf dqg surihv0
vlrqdo olih,1 L frqvlghu d vshfldo fdvh ri eholhi xwlolw| zklfk zloo eh whuphg gluhfwlrqdo frqghqfh1
Wklv eholhi xwlolw| fdswxuhv wkh lghd wkdw wkh djhqw kdv d wdvwh iru kdylqj eholhiv wkdw vxssruw wkh
vdph dfwlrq dv glg suhylrxv eholhiv1 Pruhryhu/ wkh djhqw olnhv wr kdyh vwurqj frqylfwlrqv1 Lq rwkhu
zrugv/ wkh djhqw zhofrphv pruh frqghqfh wkdw frqupv khu sulruv1
Irupdoo|/ L xvh d olqhdu vshflfdwlrq1: Wkh eholhi whup ri wkh xwlolw| dw vwdjh w . 4 lv jlyhq e|=
;
A
A
|n  | 
? 

|n  | 
y+| > |n , @
A
A
=  

|

|n


2

| @ 2
| ? 2

| A

=

Wkxv/ wkh djhqw jdlqv eholhi xwlolw| li vkh ehfrphv vwurqjhu lq khu frqylfwlrqv wkdw khu suhylrxv
shulrg*v dfwlrq zdv wkh rswlpdo rqh1;
:

D pruh jhqhudo irup ri gluhfwlrqdo frqghqfh zrxog eh=
;
? su E>|n 3 >| 
sU E>|n 3 >| 
E>|n c >|  '
=
s- E>|n 3 >| 

>| :
>| '
>|


2

2

2

YsU
YsL
O
L
zkhuh su Ef ' sU Ef ' s- Ef ' f dqg Ys
fc Ys
f iru %
f
Y% E% : fc Y% E%
Y% E% : f iru % : f dqg Y% E%
Dqdo|vlv ri wklv irup ri wkh eholhi xwlolw| |lhogv vlplodu txdolwdwlyh uhvxowv/ exw lv idu pruh fxpehuvrph1
;
Dqrwkhu surplqhqw frqvlvwhqf| vwru| lq wkh sv|fkrorj| olwhudwxuh lv wkdw ri glvdssrlqwphqw dqg shufhlyhg xwlolw|
pdlqwhqdqfh +vhh/ iru h{dpsoh/ Whvvhu ^4<;;`,1 Dq djhqw dw wlph | vxhuv glvdssrlqwphqw li fxuuhqw shufhlyhg xwlolw|
iurp khu sdvw dfwlrqv +dv fdofxodwhg xvlqj khu dgrswhg eholhiv, lv orzhu wkdq khu shulrg | 3  shufhlyhg xwlolw|1 Ghqh=

E> c >f  ' _rr@RJ?|6e?| E@f c >  ' EE> 3 >f Uu E@f  n E>f 3 > U- E@f 

'&
dqg @f lv dvvxphg wr eh pd{lpl}h wkh lqvwdqwdqhrxv xwlolw| zlwk uvw vwdjh eholhiv >f 
f
'&
Wdnlqj E% ' %c zh jhw=

zkhuh U E& ' t
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Uhpdun 6= L fdoo dq dowhuqdwlyh irup ri eholhi xwlolwlhv uhjuhw1 Dvvxph wkdw iru dq| eholhi |n wkh
djhqw fkrrvhv/ vkh fdofxodwhv khu h{shfwhg sdvw hduqlqjv iurp khu fkrlfh ri vwdjh w dfwlrq d|

dqg wkh pd{lpxp h{shfwhg ydoxh vkh frxog kdyh jrwwhq kdg vkh xvhg |n lq rughu wr fkrrvh
sdvw dfwlrqv1 Li wkh odwwhu lv juhdwhu wkdq wkh iruphu/ wkh djhqw h{shulhqfhv uhjuhw1
Irupdoo|/ zh dvvxph wkdw wkh eholhi whup wdnhv wkh irup=
y+|n > | > d| , @ U+|n Lu +d| , . +4  |n ,L- +d| ,  pd{i|n > 4  |n j, @
;
A
3
A
A
A
A
? 4  5
|n
@
A 5|n  4
A
A
A
A
= 3

d| @ O> |n 
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d| @ U> |n 

d| @ O> |n 

d| @ U> |n 


2


2

2

zkhq wkh uhjuhw ixqfwlrq U lv wdnhq wr eh olqhdu1 Khuh suhylrxv eholhiv sod| d uroh lq wkh
eholhi xwlolw| rqo| wr wkh h{whqw wkdw wkh| ghwhuplqh wkh suhylrxv shulrg*v dfwlrq1 Lw lv zruwk
qrwlqj wkdw uhjuhw ixqfwlrqv gr dsshdu lq wkh hfrqrplfv olwhudwxuh1 Iru uhihuhqfhv dqg vrph
wkhruhwlfdo dqdo|vlv ri uhjuhw ixqfwlrqv/ wkh uhdghu lv gluhfwhg wr Orrphv dqg Vxjghq ^4<;5`1
Lq wklv sdshu zh suhvhqw uhvxowv iru gluhfwlrqdo frqghqfh eholhi xwlolwlhv1 Uhjuhw dqg mr|
xwlolwlhv ohdg wr vlplodu txdolwdwlyh uhvxowv dqg duh qrw dqdo|}hg khuh1

LY1 Pdlq Uhvxowv
Wkh pdlq uhvxowv duh ri wzr w|shv1 Wkh uvw uhihuv wr wkh nlqg ri eholhiv wkh djhqw dgrswv1 L jlyh
frqglwlrqv iru wkh djhqw ehlqj ryhufrqghqw dqg xqghufrqghqw1 Wkhvh uhvxowv duh vxppdul}hg lq
Vxevhfwlrq D1 Vlqfh dfwlrqv duh vwurqjo| wlhg wr wkh eholhiv wkh djhqw krogv/ d wdvwh iru frqvlvwhqf|
pd| kdyh revhuydeoh lpsolfdwlrqv rq wkh dfwlrqv fkrlfhv1 Fkdudfwhul}dwlrq ri frqglwlrqv wkdw ohdg
wr shuvlvwhqfh ri fkrlfhv dqg dssduhqw kdelw irupdwlrq duh suhvhqwhg lq Vxevhfwlrq E1 Wkh vhfrqg
w|sh ri uhvxowv shuwdlqv wr wkh ohyhov ri h{shfwhg xwlolw| wkh djhqw zloo h{shulhqfh/ dv lv shufhlyhg
e| wkh djhqw/ dqg e| dq rpqlvflhqw hqwlw| +ru d sodlq Ed|hvldq,/ dw wkh rxwvhw ri wkh surfhvv/ dv d
ixqfwlrq ri wkh dprxqw dqg txdolw| ri wkh lqirupdwlrq surylghg1 Wkhvh uhvxowv duh vxppdul}hg lq
Vxevhfwlrq F1 Wkh surriv ri wkh Sursrvlwlrqv vwdwhg lq wklv vhfwlrq duh uhohjdwhg wr Dsshqgl{ D1

E> c >f  ' t
Iru >f '
eholhi1


2

>  3 >f
> f 3 >

>f :
>f


2

2



zh fdq duelwudulo| fkrrvh E> c >f  ' > 3 >f  dqg  lv wkhq lghqwlfdo wr wkh olqhdu gluhfwlrqdo frqghqfh
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D1 Fkrlfh ri Eholhiv
Zkhq djhqwv kdyh d wdvwh iru frqvlvwhqf| dv vxjjhvwhg lq rxu iudphzrun/ qh{w shulrg*v vljqdo
zloo kdyh dq hhfw rq wkh fxuuhqw shulrg*v eholhiv iru d qrq0p|rslf djhqw1 Lq sduwlfxodu/ eholhiv dw
shulrg 4 pd| ghshqg rq wkh dffxudf| ri wkh ixwxuh vljqdo t2 1 Zkloh wklv grhv qrw rffxu lq vwdqgdug
ohduqlqj prghov +h1j1/ li zh wdnh  @ 
h @ 3 lq wkh suhvhqw prgho,/ lw lv txlwh lqwxlwlyh lq wkh fxuuhqw
vhwxs1 Lqghhg/ t2 / wrjhwkhu zlwk 
h ghwhuplqh wkh djhqw*v iruhfdvw frqfhuqlqj wkh h{whqw wr zklfk
shulrg 5*v eholhiv zloo eh prglhg1 Iru h{dpsoh/ li 
h lv yhu| vpdoo dqg t2 lv yhu| kljk/ wkh djhqw
suhglfwv wkdw lq shulrg 5 vkh zloo qrw fduh derxw frqvlvwhqf| pxfk/ khqfh eh xvlqj Ed|hv* uxoh1 Vlqfh
t2 lv kljk/ wkh djhqw wklqnv vkh zloo eh jxhvvlqj wkh uljkw vwdwh ri wkh zruog zlwk d kljk suredelolw|1
Khqfh/ vkh fdq drug wr glvwruw khu fxuuhqw eholhiv dqg jdlq wkh dgglwlrqdo frqghqfh lq shulrg 41
Wklv olqh ri dujxphqwv zrxog qrw krog li t2 zhuh yhu| orz/ lq zklfk fdvh wkh djhqw zrxog suhglfw
yhu| olwwoh ixwxuh fkdqjhv wr khu eholhiv/ dqg pd| fkrrvh shulrg 4*v eholhiv pruh frqvhuydwlyho|1
h wkh djhqw suhglfwv wkdw vkh zloo eh iroorzlqj Ed|hvldq
Li t2 lv yhu| kljk/ wkhq iru vx!flhqwo| orz 
xsgdwlqj lq wkh ixwxuh dqg khqfh iruhfdvwv wkdw khu vhfrqg shulrg*v eholhiv zloo eh yhu| dffxudwh1
Wkxv/ wkh djhqw lv pruh olnho| wr glvwruw khu fxuuhqw eholhiv1 Li 
h lv yhu| kljk wkh fxuuhqw prglfdwlrq
lv shufhlyhg olnho| wr kdyh d vljqlfdqw lpsdfw rq wkh ixwxuh eholhi1 Lq wkdw fdvh/ vlqfh wkh djhqw
zdqwv wr jlyh ohyhudjh iru xsgdwlqj zkhq t2 lv yhu| kljk/ vkh zloo eh pruh olnho| wr fkrrvh ohvv
h{wuhph eholhiv1 Khqfh/ eholhiv dw vwdjh 4 duh olnho| wr eh dhfwhg e| wkh dffxudf| ri wkh vhfrqg
vwdjh sd|r1
Wkh djhqw lv vdlg wr eh ryhufrqghqw +xqghufrqghqw, uhodwlyh wr d Ed|hvldq revhuyhu li khu
eholhiv duh wrr h{wuhph +wrr frqvhuydwlyh, uhodwlyh wr wkh Ed|hvldq srvwhulru1 Irupdoo|/
Ghqlwlrq +xqghufrqghqfh dqg ryhufrqghqfh,= Dq djhqw kroglqj d eholhi  lv ryhufrq0
ghqw uhodwlyh wr d eholhi  li=

41  A  dqg  A 2 > ru 51  ?  dqg  ? 2 =

Dqdorjrxvo|/ dq djhqw kroglqj d eholhi  lv xqghufrqghqw uhodwlyh wr d eholhi  li=
41  ?  dqg  A 2 > ru 51  A  dqg  ? 2 =
L zloo khqfhiruwk uhihu wr xqghufrqghqfh dqg ryhufrqghqfh rqo| uhodwlyh wr wkh eholhiv d
Ed|hvldq revhuyhu zrxog frqvwuxfw1
Zkhq wkh dffxudf| ri wkh uvw vljqdo lv vx!flhqwo| kljk dqg wkh djhqw fduhv derxw khu eholhiv/
vkh zloo glvwruw uvw shulrg eholhiv1 Pruhryhu/ wkh glvwruwlrq zrxog eh lq wkh gluhfwlrq wkdw lqfuhdvhv
eholhi xwlolw|1 Vlqfh wkh sulru lv idyrudeoh wr  @ O +s A 2 ,/ wkh djhqw zloo fkrrvh d eholhi deryh
wkh srvwhulru zkhq jxhvvlqj O lq wkh uvw shulrg +lqfuhdvh khu frqghqfh, dqg fkrrvh d eholhi wkdw
lv deryh wkh srvwhulru zkhq jxhvvlqj U +vlqfh lq wklv fdvh vkh orvhv e| khu lqfrqvlvwhqf| zlwk wkh
48

sulru/ dqg zrxog olnh wr plqlpl}h wkh orvv e| fkrrvlqj d eholhi wkdw lv forvhvw wr wkh sulru s,1 Lq vxfk
d vlwxdwlrq/ wkh djhqw zrxog dsshdu hlwkhu ryhufrqghqw +zkhq v @ O, ru xqghufrqghqw +zkhq
v @ U,1
Li eholhiv lq wkh uvw shulrg duh fkrvhq h{wuhph hqrxjk/ wkhq eholhiv lq wkh vhfrqg shulrg pd|
vwloo eh wrr h{wuhph uhodwlyh wr wkh wuxh Ed|hvldq srvwhulru edvhg rq erwk vljqdov1 Dv lw wxuqv rxw/
wklv vlwxdwlrq dulvhv zkhq djhqwv fduh hqrxjk derxw frqvlvwhqf|/ lq wkh vhqvh ri d vx!flhqwo| kljk
sdudphwhu  W > dqg kdyh d vx!flhqwo| dffxudwh uvw shulrg vljqdo1 Irupdoo|/
Sursrvlwlrq 4 +h{djjhudwhg frqghqfh ohyhov,= Wkhuh h{lvwv d  W 5 +3> 4` vxfk wkdw iru doo
 A  W wkhuh h{lvwv tW +, 5 +3> 4`> tW +, ? 4 zkhq s ? 4> vxfk wkdw iru doo t A tW +,/ iru doo

t2 5 ^ 2 > 4,> wkh djhqw lv ryhufrqghqw zkhq v @ O dqg xqghufrqghqw zkhq v @ U lq erwk
shulrgv1
Lqwxlwlyho|/ d vpdoo fkdqjh ri uvw shulrg eholhiv zlwklq hlwkhu wkh udqjh +3> 2 , ru + 2 > 4, grhvq*w
dhfw wkh dfwlrqv fkrvhq1 Khqfh/ uvw shulrg eholhiv edodqfh wkh wudghr ehwzhhq jhwwlqj wkh eholhi
xwlolw| lq wkh uvw shulrg dqg suredelolvwlfdoo| orvlqj wkurxjk wkh lqvwuxphqwdo xwlolw| lq wkh vhfrqg
shulrg1 D pdujlqdo lqfuhdvh lq wkh ohyho ri eholhiv lq wkh uvw shulrg fkdqjhv wkh ohyho ri xwlolw| e|
wkdw vdph lqfuhdvh pxowlsolhg e| / dqg |hw srvvleo| uhgxfhv wkh vhfrqg shulrg xwlolw| wkurxjkw wkh
lqvwuxphqwdo sduw e| wkh suredelolw| ri jxhvvlqj zurqj ehfdxvh ri lqvx!flhqw xsgdwlqj1 Zkhq 
lv kljk/ dqg wkh dffxudf| ri wkh uvw vljqdo lv vx!flhqwo| kljk/ wkh uvw hhfw grplqdwhv wkh odwwhu1
E1 Fkrlfh ri Dfwlrqv
Vlqfh dfwlrqv duh vwurqjo| wlhg zlwk eholhiv/ shuvlvwhqw eholhiv zloo eh frqqhfwhg zlwk shuvlvwhqw
dfwlrqv1
Zkhq wkh djhqw shufhlyhv khu ixwxuh vhoi qrw wr fduh pxfk derxw eholhiv/ vkh zloo suhglfw wkdw
khu ehkdylru lq wkh ixwxuh zloo eh dssur{lpdwho| Ed|hvldq/ dqg khqfh zloo doorz khuvhoi wr fkrrvh
pruh h{wuhph eholhiv1 Krzhyhu/ zkhq vwdjh 5 frphv wr eh/ wkh djhqw grhv fduh derxw frqvlvwhqf|/
dqg li uvw shulrg eholhiv duh fkrvhq h{wuhph hqrxjk/ zloo qrw eh zloolqj wr fkdqjh khu plqg1 Lq vxfk
d vlwxdwlrq/ wkh djhqw zloo dsshdu wr kdyh vwlfn| fkrlfhv dqg uvw shulrg lqirupdwlrq zloo ghwhuplqh
wkh dfwlrqv wkurxjkrxw wkh surfhvv zlwk qr uhjdug wr wkh dgglwlrqdo lqirupdwlrq wkdw duulyhv dw
shulrg 51 Wklv lqwxlwlrq lv suhvhqwhg lq wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 5 +klvwru| pdwwhuv,= Wkhuh h{lvwv d  W 5 +3> 4` vxfk wkdw iru doo  A  W wkhuh h{lvwv
h> v @ O , d @ d2 @ O qr
tW +, vxfk wkdw iru doo t A tW +,/ iru doo t2 5 ^ 2 > 4,/ t2 A 
pdwwhu zkdw v2 lv/ dqg |hw v @ U , d @ d2 @ U qr pdwwhu zkdw v2 lv1
Lw lv lpsruwdqw wr qrwh wkdw wkh frqglwlrqv ri Sursrvlwlrq 5 doorz/ lq sduwlfxodu/ iru t2 A t > lq
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zklfk fdvh zlwk srvlwlyh suredelolw| wkh djhqw lv lq idfw fkrrvlqj dq dfwlrq lq wkh vhfrqg shulrg
wkdw d vwdqgdug djhqw +zlwk  @ 
h @ 3, zrxog qrw fkrrvh1 Lq sduwlfxodu/ zlwk srvlwlyh suredelolw|
wkh djhqw lv qrw dfklhylqj wkh pd{lpdo lqvwuxphqwdo xwlolw| khu lqirupdwlrq zrxog srwhqwldoo| doorz
khu wr dfklhyh1
Dqrwkhu zd| wr ghvfuleh wkh vljqlfdqfh ri wkh klvwru| ri dfwlrqv dqg eholhiv lv dv iroorzv1 Vr
idu/ L*yh dvvxphg v|pphwu| ehwzhhq wkh wzr vwdwhv O dqg U= jxhvvlqj fruuhfwo| wkdw  @ O ohdgv
wr wkh vdph lqvwdqwdqhrxv xwlolw| dv jxhvvlqj fruuhfwo| wkdw  @ U1 Li zh doorz iru d glhuhqfh lq
wdvwhv ehwzhhq jxhvvlqj  @ O fruuhfwo| dqg jxhvvlqj  @ U fruuhfwo|/ wkh xwlolw| fdq eh zulwwhq dv=
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rwkhuzlvh

wklv phdqv wkdw wkh djhqw zrxog suhihu wr jxhvv  @ O fruuhfwo| ryhu jxhvvlqj

fruuhfwo| wkdw  @ U= Lw lv dv li wkh djhqw suhihuv wkh vwdwh O ryhu U1
Ohw L% +|, ghqrwh wkh lqglfdwru ixqfwlrq1 Wkdw lv/
+
L% +|, @

4

{@|
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rwkhuzlvh

=

Wkhq/ rqh fdq zulwh=
x+d| , @ Lu +d| ,Lu +, . +4  ,L- +d| ,L- +,=
Vxssrvh dq hfrqrphwulfldq revhuyhv wkh iroorzlqj=
d1 Wkh djhqwv* sulru frqfhuqlqj wkh vwdwh ri wkh zruog f >
e1 Wkh vljqdov iv| j wkh djhqwv revhuyh> dqg
f1 Wkh dfwlrqv id| j wkh djhqwv kdyh slfnhg1

Dvvxph wkdw dw wkh odvw vwdjh W wkh +Ed|hvldq, srvwhulru lv fdofxodwhg wr eh 
| dqg wkh dfwlrq

wkh djhqw wdnhv lv d| @ O1 Wkhq li wkh djhqw pd{lpl}hv d xwlolw| ixqfwlrq ri wkh deryh irup/ vkh
vkrxog kdyh fdofxodwhg wkdw
H> +x+O,, A H> +x+U,, /
A

A




A A +4  ,+4  A , /  A 4  A =
Khqfh/ wkh hfrqrphwulfldq zrxog eh deoh wr hvwlpdwh d wkuhvkrog  iru hdfk djhqw1
Sursrvlwlrq 5 vxjjhvwv wkdw/ lq d wzr shulrg vfhqdulr/ iru d fhuwdlq udqjh ri sdudphwhuv/ wkh
4:

hvwlpdwhg  ri wkh vhfrqg shulrg zrxog eh fruuhodwhg zlwk wkh uvw shulrg*v vljqdo1 Wkh djhqw
zrxog vhhp wr olnh O pruh wkdq U li O lv wkh jxhvv vkh pdgh dw shulrg 4/ dqg ylfh yhuvd1 Wklv
lv uhplqlvfhqw ri wkh skhqrphqd ri kdelw irupdwlrq lq zklfk djhqwv* dfwlrqv ehfrph uhshwlwlyh/ ru
kdelwxdo/ eh|rqg zkdw Ed|hvldq lqirupdwlrq surfhvvlqj zrxog mxvwli|1
Irupdoo|/ zh kdyh wkh iroorzlqj fruroodu|=
Fruroodu| +dssduhqw kdelwxdwlrq,= Wkhuh h{lvwv d  W 5 +3> 4` vxfk wkdw iru doo  A  W wkhuh
h>li d Ed|hvldq vwdwlvwlfldq
h{lvwv tW +, v1w1 iru doo t A tW +,/ iru doo t2 5 ^ 2 > 4,/ t2 A 
revhuyhv s> v > v2 > d > dqg d2 dqg k|srwkhvlvhv wkdw wkh djhqw*v remhfwlyh ixqfwlrq/ dw ohdvw dw
wkh odvw shulrg/ lv ri wkh irup=
x+d| , @ Lu +d| ,Lu +, . +4  ,L- +d| ,L- +,
wkhq vkh zloo ghgxfh wkdw zkhq v @ O> v2 @ U>  A Wu dqg zkhq v @ U> v2 @ O>  A Wzkhuh Wu A W- =

F1 Lqirupdwlrq Txdolw| dqg H{shfwhg Xwlolw|
L qrz wxuq wr dqdo|}h wkh hhfwv ri lqirupdwlrq txdolw| rq wkh djhqw*v h{shfwhg xwlolw|1 Zkhq
wkh djhqw grhv qrw fduh derxw frqvlvwhqf|/ dv lv frpprqo| dvvxphg/ pruh dffxudwh lqirupdwlrq lv
dozd|v zhdno| suhihuuhg wr ohvv dffxudwh lqirupdwlrq1 Wkh uhdvrq lv wkdw lqirupdwlrq fdq dozd|v eh
ljqruhg1 Khqfh/ dq djhqw zlwk dq dffxudwh vljqdo fdq lplwdwh dq djhqw zlwk d ohvv dffxudwh vljqdo/
exw qrw ylfh yhuvd1
Lq wkh suhvhqw vhwwlqj/ wkhuh duh wzr qdwxudo dssurdfkhv wr wkh frpsdudwlyh vwdwlfv dqdo|vlv
uhodwhg wr lqirupdwlrq dffxudf|1 Wkh uvw lv sdwhuqdolvwlf 0 nqrzlqj krz wkh djhqw dfwxdoo| ehkdyhv
+lq sduwlfxodu/ nqrzlqj wkh djhqw*v surshqvlw| wr ehkdyh lqfrqvlvwhqwo|,/ rqh fdq ghwhuplqh zklfk
vwuxfwxuhv ri lqirupdwlrq zrxog ohdg wkh djhqw wr kljkhu h{shfwhg xwlolw|1 L xvh wkh whup h{0dqwh
h{shfwhg xwlolw| wr ghvfuleh wkh wrwdo h{shfwhg xwlolw| ri wkh djhqw ehiruh dq| vljqdo lv uhdol}hg/ wdnlqj
lqwr dffrxqw khu dfwxdo ehkdylru lq doo shulrgv1 Wkdw lv/ wdnlqj lqwr dffrxqw wkh djhqw*v srvvleoh
odfn ri frqvlvwhqf|1
Dqrwkhu dssurdfk ghdov zlwk wkh djhqw*v dvshfw1 Lq d pdunhw vlwxdwlrq/ wkh djhqw pljkw qhhg
wr fkrrvh zklfk vljqdov wr sxufkdvh ru sd| dwwhqwlrq wr e| khuvhoi1 Khqfh/ rqh fdq vwxg| zklfk
lqirupdwlrq vwuxfwxuh wkh djhqw zrxog suhihu dw wkh rxwvhw ri wkh jdph1 L xvh wkh whup shufhlyhg
h{shfwhg xwlolw| iru wkh xwlolw| wkh djhqw h{shfwv wr dfklhyh ehiruh dq| vljqdo lv uhdol}hg +jlyhq khu
ohyho ri lqwurvshfwlrq/ dv fdswxuhg e|  dqg 
h,1
Dv lw wxuqv rxw/ erwk wkh h{0dqwh h{shfwhg xwlolw| dqg wkh shufhlyhg h{shfwhg xwlolw| +dw vwdjh
3, duh qrw prqrwrqlf lq wkh dffxudflhv ri wkh vljqdov1
4;

L vwduw e| orrnlqj dw wkh h{0dqwh h{shfwhg xwlolw|1 Lqwxlwlyho|/ dvvxph wkdw 
h lv yhu| vpdoo dqg
wkdw  lv vljqlfdqw/ vr wkdw wkh djhqw fduhv derxw frqvlvwhqf| lq shulrg 4 exw eholhyhv vkh zloo
fduh yhu| olwwoh lq shulrg 5/ vr wkdw vkh zloo xvh wkh Ed|hvldq xsgdwh lq wkh ixwxuh1 Li fxuuhqw
dffxudf| lv yhu| kljk/ wkh djhqw pljkw eh zloolqj wr wdnh h{wuhph eholhiv/ frxqwlqj rq wkh idfw wkdw
dssur{lpdwh Ed|hvldq xsgdwlqj zloo rffxu lq wkh vhfrqg shulrg1 Krzhyhu/ vlqfh wkh djhqw dfwxdoo|
grhv fduh derxw frqvlvwhqf| ri eholhiv lq wkh vhfrqg shulrg/ vkh pljkw qrw xsgdwh khu eholhiv zkhq
uvw shulrg eholhiv duh h{wuhph lq rughu wr dyrlg d orvv wkurxjk wkh eholhi whup1 Wkxv/ wkhuh duh wzr
frqwudglfwlqj irufhv1 Rq wkh rqh kdqg/ kljkhu uvw shulrg dffxudf| zrxog lpso| kljkhu h{shfwhg
lqvwuxphqwdo dqg eholhi xwlolwlhv lq wkh uvw shulrg1 Rq wkh rwkhu kdqg/ wkh uhvxowlqj h{wuhph eholhiv
lq wkh uvw shulrg pljkw fdxvh d uhgxfwlrq lq lqvwuxphqwdo xwlolw| lq wkh vhfrqg shulrg1 Iru fhuwdlq
sdudphwhuv/ wkh odwwhu hhfw lv juhdwhu wkdq wkh iruphu/ dqg zh jhw qrq0prqrwrqlflw| zlwk uhvshfw
wr wkh uvw shulrg dffxudf| t =
Lq d vlplodu vslulw/ li wkh ixwxuh dffxudf| lv yhu| kljk/ wkh djhqw h{shfwv wr ehdu d uhodwlyho|
orz ixwxuh lqvwuxphqwdo frvw zkhq fkrrvlqj dq h{wuhph eholhi 0 ixwxuh vljqdov zloo eh vr dffxudwh
wkdw wkh| zloo ohdg wr wkh uljkw fkrlfh qr pdwwhu zkdw fxuuhqw eholhi lv fkrvhq1 Wkh djhqw pljkw
eh pruh ryhufrqghqw zkhq ixwxuh dffxudf| ri vljqdov lv kljkhu1 Krzhyhu/ zkhq vwdjh 5 duulyhv/
wkh djhqw grhv fduh derxw frqvlvwhqf| ehwzhhq khu eholhiv dqg pljkw hqg xs h{klelwlqj d uhodwlyho|
orz zloolqjqhvv wr fkdqjh khu uvw shulrg eholhiv/ wkhuhe| orrvlqj vrph lqvwuxphqwdo xwlolw|1 Zkhq
wkh vljqdo ri wkh vhfrqg shulrg lv ohvv dffxudwh/ wkh eholhiv ri vwdjh 4 duh fkrvhq pruh prghvwo| dqg
khqfh duh pruh olnho| wr eh prglhg lq wkh vhfrqg shulrg1 Wkh lpsolfdwlrq lv wkdw lqirupdwlrq pd|
eh ehwwhu xwlolwl}hg/ iurp d Ed|hvldq rxworrn/ zkhq wkh vljqdo lq wkh vhfrqg shulrg lv orzhu1 Wklv
lqwxlwlrq lv fdswxuhg lq wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 6 +h{0dqwh xwlolw| qrq0prqrwrqlflw|,= 41 +z1u1w1 t , Wkhuh h{lvw  W >  W > 
hW / vxfk
wkdw iru doo s ?
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A  W >  A  W > dqg  A 
h?
hW wkhuh h{lvw tu > tM > t2 5 + 2 > 4,> tu ? tM

v1w1 wkh h{0dqwh h{shfwhg xwlolw| zlwk vljqdo dffxudflhv tu dqg t2 lv kljkhu wkdq wkdw zlwk
dffxudflhv tM dqg t2 =

hW / vxfk wkdw iru doo t A tW >  A  W >  A  W >  A 
h9h
 W/
51 +z1u1w1 t2 , Wkhuh h{lvw tW >  W >  W > 
h{0dqwh h{shfwhg xwlolw| lv qrq0prqrwrqlf lq t2 1
L qrz wxuq wr wkh dqdo|vlv ri shufhlyhg h{shfwhg xwlolw|1 Wkh djhqw fdq dozd|v ljqruh ru glvwruw
lqirupdwlrq lq wkh uvw shulrg/ khqfh pruh dffxudwh lqirupdwlrq lq wkh uvw shulrg fdqqrw ghfuhdvh
khu shufhlyhg zhoo0ehlqj1 Qrqhwkhohvv/ lq rxu vhwxs/ wkh djhqw suhglfwv khu suhihuhqfhv zloo fkdqjh
lq wkh ixwxuh/ qdpho| wkdw vkh zloo fduh ohvv derxw frqvlvwhqf| ehwzhhq eholhiv wkdq vkh grhv dw wkh
rxwvhw ri wkh surfhvv1 Vlqfh wkh djhqw fdqqrw frpplw khuvhoi wr wdnh d fhuwdlq ixwxuh dfwlrq/ wkhuh
lv dq lqwulqvlf djhqf| sureohp/ dqg wkh djhqw pd| suhihu ohvv dffxudwh vljqdov iru wkh ixwxuh1
4<

Wr pdnh wklv lqwxlwlrq vkdushu/ dvvxph/ dv ehiruh/ wkdw 
h lv yhu| vpdoo dqg wkdw  lv vljqlfdqw/
vr wkdw wkh djhqw fduhv derxw frqvlvwhqf| lq shulrg 4 exw eholhyhv vkh zloo fduh yhu| olwwoh lq shulrg
5/ vr wkdw vkh zloo xvh wkh Ed|hvldq xsgdwh lq wkh vhfrqg shulrg1 Lq shulrg 4/ wkh djhqw fduhv
derxw wkh fkdqjhv lq eholhiv erwk lq shulrg 4 dqg lq shulrg 51 Zkhq wkh dffxudf| ri wkh vljqdo lq
wkh vhfrqg shulrg lv yhu| kljk wkh djhqw wklqnv/ dw shulrg 4/ wkdw vkh lv pruh olnho| wr fkdqjh khu
eholhiv lq wkh vhfrqg shulrg/ hyhqwkrxjk iurp shulrg 4*v shuvshfwlyh/ vkh zrxog suhihu wr eh pruh
frqvhuydwlyh1 Wkhuhiruh/ wkhuh duh wzr rssrvlqj irufhv dw sod|1 Rq wkh rqh kdqg/ pruh dffxudwh
vljqdov ohdg wr kljkhu lqvwuxphqwdo xwlolw|1 Rq wkh rwkhu kdqg/ wkh djhqw shufhlyhv khu ixwxuh vhoi
wr ljqruh khu fxuuhqw wdvwh iru frqvlvwhqf|/ dqg pljkw shufhlyh d juhdwhu orvv rq wkh ryhudoo xwlolw|
lq wkh vhfrqg shulrg zkhq ixwxuh vljqdov duh yhu| dffxudwh1 Wklv hhfw dulvhv iurp wkh djhqw*v
shufhlyhg lqdelolw| wr hqirufh khu fxuuhqw suhihuhqfhv rq khu ixwxuh vhoi1 Iru fhuwdlq sdudphwhuv/
wkh vhfrqg hhfw grplqdwhv wkh uvw dqg shufhlyhg xwlolw| lv qrq0prqrwrqlf lq wkh dffxudf| ri wkh
vhfrqg vljqdo1 Pruh irupdoo|/
Sursrvlwlrq 7 +shufhlyhg xwlolw| +qrq0,prqrwrqlflw|,= 41 Iru doo sdudphwhuv/ shufhlyhg xwlo0
lw| lv qrq0ghfuhdvlqj lq t 1
h> t > t2u > t2M > t2u ? 
h?
51 Wkhuh h{lvw  W dqg  W vxfk wkdw iru doo  A W dqg  A  W wkhuh h{lvw 

h> t > t2u , lv kljkhu wkdq wkdw zlwk sdudphwhuv
t2M vxfk wkdw shufhlyhg h{shfwhg xwlolw| zlwk +> > 
+> > 
h> t > t2M ,1

Lq wkh odvw wzr sursrvlwlrqv/ zh zhuh frqfhuqhg zlwk wkh txdolw| ri lqirupdwlrq wkh djhqw zrxog
suhihu1 D uhodwhg txhvwlrq frqfhuqv wkh txdqwlw| ri lqirupdwlrq wkh djhqw zrxog fkrrvh1 L frpsduh
d rqh vwdjh surfhvv zlwk d wzr0vwdjh rqh zkhuh wkh uvw shulrg vljqdo lv ri lghqwlfdo dffxudf|1 L1h1/
lq wkh wzr0vwdjh vfhqdulr/ wkhuh lv dgglwlrqdo lqirupdwlrq lq shulrg 51 Lq rughu wr pdnh phdqlqjixo
frpsdulvrqv ehwzhhq wkh wzr/ L qrupdol}h wkh wzr0vwdjh jdph*v sd|r e|


nB 1

Lqwxlwlyho|/ lw lv xvhixo wr frqvlghu wkh fdvh ri  @ 41 Lq wklv fdvh/ wkh eholhi xwlolwlhv ri vwdjhv 4
dqg 5 uhfhlyh d zhljkw ri 2 = Zkhq wkh dffxudf| ri wkh vhfrqg vljqdo/ t2 > lv orz/ wkh djhqw*v dfwlrq
zloo uhpdlq wkh vdph dfurvv shulrgv1 Khqfh/ wkh djhqw pryhv iurp d sulru s wr d srvwhulru ri dw prvw

3R
2 wr wkh eholhi whup lq wkh xwlolw|/ ru d srvwhulru ri dw ohdvw 3/ ohdglqj



wr d pd{lpdo dgglwlrq ri 2 ^3  2  . + 2  s,` @ 32 R wr wkh eholhi whup1 Li t lv vx!flhqwo| orz/ wkh

4/ ohdglqj wr dq dgglwlrq ri

djhqw zloo dozd|v ehfrph ryhufrqghqw lq wkh rqh0vwdjh jdph dqg dgrsw eholhi  @ 4> ohdglqj wr
dq dgglwlrqdo +4  s, xwlov wr wkh eholhi whup1 Khqfh/ lq wkh wzr0vwdjh vfhqdulr wkh djhqw jdlqv iurp
wkh dgglwlrqdo frqghqfh rqo| kdoi dv pxfk dv lq wkh rqh vwdjh vhwxs1 Lw wxuqv rxw wkdw iru fhuwdlq
sdudphwhuv/ wkh lqvwuxphqwdo sduw ri wkh xwlolw| grhv qrw frxqwhu wklv hhfw1 Lq wkhvh vlwxdwlrqv/ wkh
djhqw vwulfwo| suhihuv wkh rqh0vwdjh vfhqdulr/ ghvslwh wkh idfw wkdw vkh uhfhlyhv ohvv lqirupdwlrq wkhq1
Wkh lqwhusuhwdwlrq ri wklv lv wkdw dq djhqw wkdw kdv d wdvwh iru lqfuhdvlqj frqghqfh shu0vh pljkw
53

irujr lqirupdwlrq dw wkh h{shqvh ri lqvwuxphqwdo xwlolw|1 Wkh iroorzlqj sursrvlwlrq irupdol}hv wklv
lqwxlwlrq1
Sursrvlwlrq 8 +suhihuulqj ohvv lqirupdwlrq,= Wkhuh h{lvw  W >  W 5 +3> 4, vxfk wkdw iru doo  A
 W /  A  W / wkhuh h{lvwv d t2W vxfk wkdw/ iru doo t2 ? t2W / doo t ? plqi n2R R > n2 R j wkh djhqw

vwulfwo| suhihuv wkh rqh0vwdjh jdph zlwk vwdjh 4 vljqdo ri dffxudf| t ryhu wkh wzr vwdjh0jdph

zlwk vljqdov v dqg v2 ri dffxudflhv t dqg t2 / uhvshfwlyho|/ zkhq sd|rv ri wkh wzr0vwdjh
jdph duh qrupdol}hg e|


nB 1

Uhpdun 7= Lq wklv prgho xqlqirupdwlyh vljqdov/ ru vljqdov wkdw grq*w dhfw wkh djhqw*v fkrlfh
ri dfwlrqv pd| lqfuhdvh wkh djhqw*v shufhlyhg h{shfwhg xwlolw|1 Lqghhg/ hyhq lq d rqh0vwdjh
vfhqdulr/ dv orqj dv wkh dffxudf| ri wkh vljqdo lv ohvv wkdq wkh sulru s/ wkh djhqw zrxog vwlfn
wr wkh dfwlrq ghwhuplqhg e| wkh sulru +lq rxu iudphzrun/ wkh dfwlrq O,/ exw ehfrph pruh
frqghqw dqg jdlq eholhi xwlolw|1 Lq idfw/ dv orqj dv wkh sulfh ri wkh vljqdo lv ohvv wkdq
+4  s,> wkh uhvxowlqj jdlq iurp wkh lqfuhdvhg frqghqfh/ wkh djhqw zrxog eh zloolqj wr
sxufkdvh vxfk d vljqdo1
Uhpdun 8= Uhodwhg wr wkh suhylrxv uhpdun/ jlyhq wkdw vrphwlphv xqlqirupdwlyh vljqdov vhuyh wr
lqfuhdvh wkh h{shfwhg xwlolw| ri dq djhqw zkr fduhv derxw khu eholhiv +fkdudfwhul}hg e|  A 3,/
rqh pljkw zrqghu zk| dq| hyhqw fdqqrw vhuyh dv d vljqdo iru vxfk dq djhqw1 D ihz srvvleoh
dqvzhuv fdq eh jlyhq=
41 Dv Nxqgd ^4<<3` qrwhv/ shrsoh duh lqghhg pruh olnho| wr eholhyh wklqjv wkh| zdqw wr
eholhyh/ exw wkhlu fdsdflw| wr gr vr lv frqvwudlqhg e| remhfwlyh hylghqfh dqg e| wkhlu delolw|
111wr frqvwuxfw d mxvwlfdwlrq ri wkhlu ghvluhg frqfoxvlrq wkdw zrxog shuvxdgh d glvsdvvlrqdwh
revhuyhu1 Wkh| gudz wkh ghvluhg frqfoxvlrq rqo| li wkh| fdq pxvwhu xs wkh hylghqfh wr vxssruw
lw1 Khqfh/ shrsoh fdqqrw xvh devroxwho| dq| hyhqw wr mxvwli| wkhlu k|srwkhvhv1
51 Uhodwhg wr 4/ vljqdov vhhp wr eh pxowl0glphqvlrqdo1 Zh frxog wklqn ri d +elqdu|, glphqvlrq
wkdw lqglfdwhv wkh uhohydqfh ri hdfk vljqdo wr wkh lvvxh dw kdqg1 Vljqdov pd| eh xvhg iru
dqdo|vlv rqo| li wkh| duh uhohydqw1 Wkh dqdo|vlv suhvhqwhg lq wklv sdshu lv wkhq iru vljqdov wkdw
duh uhohydqw iru wkh ghflvlrq sureohp dw kdqg1
61 Dowhuqdwlyho|/ zh frxog wklqn wkdw vljqdov fdq eh prglhg rqo| wr d fhuwdlq h{whqw zklfk
ghshqgv rq wkhlu dffxudf|1 Wkdw lv/ xsrq frqvwuxfwlqj d eholhi xvlqj Ed|hv* uxoh/ wkh djhqw
fdq fkrrvh khu eholhiv zlwklq d udqjh durxqg wkh fruuhfw eholhi/ wkh vl}h ri wklv udqjh ehlqj
sursruwlrqdo wr wkh dffxudf| ri wkh vljqdo1 Lq sduwlfxodu/ eholhiv edvhg rq qrq0lqirupdwlyh
vljqdov fdqqrw eh prglhg1 Irupdol}lqj wklv lghd grhv qrw fkdqjh wkh dqdo|vlv txdolwdwlyho|/
exw pdnhv lw txdqwlwdwlyho| pxfk pruh fxpehuvrph1
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Uhpdun 9= Dv lw wxuqv rxw/ wkh uhvxowv iru iruzdug orrnlqj djhqwv/ djhqwv iru zkrp 
h @  dqg
zkr duh khqfh wlph frqvlvwhqw/ duh vrphzkdw vshfldo1 D iruzdug orrnlqj djhqw xqghuvwdqgv
ixoo| khu ixwxuh dfwlrqv dqg fdq wkxv xvh edfnzdugv lqgxfwlrq dujxphqwv fruuhfwo|1 Lq wklv
fdvh iuhh glvsrvdo ri lqirupdwlrq dozd|v krogv/ lq wkh vhqvh wkdw lqirupdwlrq fdq dozd|v eh
ljqruhg ru glvwruwhg1 Lq sduwlfxodu/ pruh dffxudwh vljqdov duh dozd|v zhdno| suhihuuhg wr ohvv
dffxudwh rqhv/ dqg dgglwlrqdo vljqdov qhyhu ghfuhdvh h{shfwhg h{0dqwh xwlolw|1 Vrph ri wkhvh
uhvxowv duh suhvhqwhg lq Dsshqgl{ E1
G1 Vr zkdw duh  dqg 
h uhdoo|B
Hpslulfdo vwxglhv fdoleudwlqj wkh qxphulfdo ohyhov ri  dqg 
h duh vwloo odfnlqj1 Krzhyhu/ d
uhfhqwo| jurzlqj olwhudwxuh lq vrfldo sv|fkrorj| ghdov zlwk zkdw lv whuphg dhfwlyh iruhfdvwlqj/ wkh
suhglfwlrq ri rqh*v ihholqjv dqg hprwlrqv1 Vwxglhv vkrz wkdw shrsoh duh qrw yhu| jrrg iruhfdvwruv
ri wkhlu ixwxuh uhdfwlrqv wr hyhqwv1 Iru h{dpsoh/ Jloehuw hw do1 ^4<<;` dqg Orhzhqvwhlq dqg Vfkndgh
^4<<<` udq qxphurxv vwxglhv dvnlqj shrsoh zkr glg dqg glg qrw jr wkurxjk dq xqsohdvdqw hyhqw
+vxfk dv glyrufh/ ghqldo ri whqxuh/ vxgghq glvdelolw|/ hwf1, iru wkhlu uhdfwlrqv1 Wkhlu uhvxowv fohduo|
looxvwudwh d glvfuhsdqf| ehwzhhq shrsoh*v suhglfwlrqv frqfhuqlqj wkhlu uhdfwlrqv dqg shrsoh*v dfwxdo
uhdfwlrqv wr wkhvh hyhqwv1 Orhzhqvwhlq hw do1 ^5333` h{dplqhg shrsoh*v dwwlwxghv wrzdug ulvn +uhdo
wlph dv rssrvhg wr glvwdqw hyhqw, dqg glvfryhuhg d vlplodu eldv1
Wkhvh vwxglhv lpso| wkdw zkloh / wkh sdudphwhu wkdw v|perol}hv wkh zhljkw wkdw lv jlyhq wr
ehlqj frqvlvwhqw/ pljkw eh vxevwdqwldo/ shrsoh fdqqrw lqwurvshfw shuihfwo| dqg suhglfw  dffxudwho|1
Wkdw lv/ txdolwdwlyho|/ lw vhhpv txlwh sodxvleoh wkdw 
h ? 1
Prujdq hw do1 ^4<<;` vwxg| wkh uhodwlrqvkls ehwzhhq sdwlhqw frslqj vw|oh +wdvwh iru lqirupdwlrq,/
suhfrorqrvfrs| lqirupdwlrq/ dqg dq{lhw| dqg sdlq dvvrfldwhg zlwk frorqrvfrs|1 Edvhg rq wkh
Nudqw} Khdowk Rslqlrq Vxuyh| +Nudqw} hw do1 ^4<;3`,/ wkh dxwkruv fdq fodvvli| wkhlu vxemhfwv lqwr
wzr jurxsv= lqirupdwlrq vhhnhuv dqg lqirupdwlrq dyrlghuv1 Sdwlhqwv jlyhq lqirupdwlrq frqjuxhqw
zlwk wkhlu frslqj vw|oh h{shulhqfhg vljqlfdqwo| ohvv vhoi0uhsruwhg dq{lhw| lpphgldwho| diwhu wkh
lqirupdwlrq lqwhuyhqwlrq dqg vshqw ohvv wlph lq uhfryhu|1 Wkhvh nlqgv ri uhvxowv klqw wkdw shrsoh
glhu lq wkh sdudphwhuv wkdw fkdudfwhul}h wkhlu ehkdylru1 Pruhryhu/ vxfk vwxglhv frxog srwhqwldoo|
vhuyh wr khos fdoleudwh 1
H1 Lv lw mxvw wkh vhoi B
Rqh pljkw vxjjhvw wkdw wkh skhqrphqd ghvfulehg dqg prghohg lq wklv sdshu duh gulyhq iurp
shrsoh*v ghvluh iru vhoi0hqkdqfhphqw1 Wkdw lv/ shrsoh zdqw wr eholhyh wkh| duh deoh/ lq sduwlfxodu/
wkdw wkh| wdnh wkh uljkw dfwlrqv dqg krog wkh uljkw wkhrulhv/ dqg lqirupdwlrq glvwruwlrq rffxuv lq
rughu wr pdlqwdlq/ ru hyhq hqkdqfh/ wkh qrwlrq ri frpshwhqfh1 Wkhvh lghdv zhuh irupdoo| sxw
55

iruzdug e| Dnhuori dqg Nudqwrq ^5333` dqg Nrv}hjl ^4<<<`1
Lq wkh vrfldo sv|fkrorj| olwhudwxuh/ wkhuh kdv ehhq dq rqjrlqj ghedwh ehwzhhq wzr pdlq vfkrrov1
Wkh uvw srvhv wkdw shrsoh dfw dffruglqj wr vhoi0hqkdqflqj prwlyhv +vhh Edxphlvwhu ^4<<;`/ Whvvhu
^4<;;`/ dqg uhihuhqfhv wkhuhlq,/ wkdw lqghhg shrsoh whqg wr lqwhusuhw hyhqwv lq d zd| wkdw hqkdqfhv
wkhlu vhoi0frqfhsw1 Wkh vhfrqg vfkrro ri wkrxjkw vxssruwv wkh qrwlrq ri vhoi0yhulfdwlrq/ d whup
frlqhg e| Vzdqq ^4<;8`1 Wklv vfkrro vxjjhvwv wkdw shrsoh kdyh d wdvwh iru frqvlvwhqf| lq wkhlu vhoi0
shufhswlrqv/ hyhq li wkrvh duh qrw jrrg1 Lq d orqj vhulhv ri h{shulphqwv/ Vzdqq dqg klv froohdjxhv
wulhg wr h{klelw shrsoh*v txhvw iru ihhgedfn wkdw frqupv wkhlu ylhzv derxw wkhpvhoyhv1 Iru h{dpsoh/
Vzdqq hw do1 ^4<<7` kdyh vwxglhg qhduo| 533 frxsohv dqg glvfryhuhg wkdw pduulhg ironv zlwk d
qhjdwlyh vhoi0lpdjh duh pruh lqwlpdwh zlwk vsrxvhv zkr hydoxdwh wkhp xqidyrudeo| wkdq zlwk
sduwqhuv zkr odylvk wkhp zlwk vhhplqjo| xqghvhuyhg sudlvh1 Hyhq wkrvh zlwk d srvlwlyh vhoi0ylhz
pd| sv|fkrorjlfdoo| zlwkgudz iurp d pduuldjh li wkhlu pdwh vhhpv xqmxvwldeo| hxvlyh1 Lq dqrwkhu
h{shulphqw Shokdp dqg Vzdqq ^4<;<` kdyh vkrzq wkdw shrsoh whqg wr eh sduwlfxoduo| uhfhswlyh wr
qhjdwlyh shuvrqdo ihhgedfn zkhq wkh| vxhu iurp orz vhoi0hvwhhp1
L fkrrvh qrw wr hqwhu wklv ghedwh dqg wkhuhiruh L gr qrw dwwhpsw wr frqqhfw wkh uhvxowv suhvhqwhg
khuh zlwk lghdv derxw vljqdolqj ri frpshwhqfh +wr rqhvhoi ru wr rwkhuv,1

Y1 Dssolfdwlrqv
Ryhufrqghqfh kdv ehhq frqvlghuhg lq vhyhudo hfrqrplf grpdlqv1 Lq qdqfh/ Vkohlihu ^5333`
sursrvhv looxvwudwlrqv ri ryhufrqghqfh ri qdqfldo lqyhvwruv1 Dnhuori dqg Glfnhqv ^4<;5` surylgh
hylghqfh iru ryhufrqghqfh ri zrunhuv hpsor|hg lq kd}dugrxv rffxsdwlrqv1 Lq wkh ohjdo zruog/
h{shulphqwv kdyh vkrzq wkdw mxgjhv ehfrph pruh dqg pruh frqghqw lq wkhlu srvlwlrq/ hyhq zkhq
wkh| duh jlyhq hylghqfh wkdw lv luuhohydqw wr wkh fdvh dw kdqg +vhh Qlvehww dqg Urvv ^4<<4`,1
L fkrrvh wr vnhwfk d ihz dssolfdwlrqv ri wkh uhvxowv rq h{fhvv vwlfnlqhvv ri dfwlrqv dqg fkrlfh
ri lqirupdwlrq vwuxfwxuh1 L frqvlghu dssolfdwlrqv wr srolwlfdo fdpsdljqv dv zhoo dv pdunhwlqj dqg
exvlqhvv vwudwhjlhv1
D1 Srolwlfdo Fdpsdljqv
L gudz wkh iroorzlqj dqdorj|1 Hdfk yrwhu krogv d sulru eholhi dv wr zklfk/ dqg e| krz pxfk/ d
fdqglgdwh ru srolf| lv ehwwhu1 Fdpsdljqv/ ghedwhv/ phgld uhsruwv/ hwf1 vhuyh dv vljqdov wkh djhqw
pd| ru pd| qrw uhfhlyh1
Lw lv dvvxphg wkdw olvwhqlqj wr ghedwhv ru wr wkh fdpsdljqv ri rqh*v rssrvlwlrq pd| eulqj qhz
dujxphqwv wr plqg dqg lv wkxv pruh lqirupdwlyh wkdq olvwhqlqj wr fdpsdljqv wkdw uhsolfdwh rqh*v
rslqlrqv1 Khqfh/ djhqwv kdyh d fkrlfh ri erwk wkh txdqwlw| dqg wkh txdolw| ri vljqdov wkh| jhw
h{srvhg wr1
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Eldvhv lq wkh frpsrvlwlrq ri yroxqwdu| dxglhqfhv wr pdvv frppxqlfdwlrqv kdyh ehhq uhsruwhg
riwhq lq vxuyh| vwxglhv +frpprqo| uhihuuhg wr dv vhohfwlyh h{srvxuh,1 Od}duihog hw do1 ^4<7;` zhuh
vrph ri wkh uvw wr srlqw rxw wkdw prvw shrsoh h{srvh wkhpvhoyhv/ prvw ri wkh wlph/ wr wkh nlqg
ri sursdjdqgd zlwk zklfk wkh| djuhh wr ehjlq zlwk1 Rqh ri wkh fodvvlfdo qglqjv wkh| uhsruwhg lv
wkdw ri uhvsrqghqwv zlwk frqvwdqw yrwlqj lqwhqwlrqv iurp Pd| wr Rfwrehu ri 4<7;1 Derxw wzr wklugv
zhuh h{srvhg suhgrplqdqwo| wr sursdjdqgd idyrulqj wkhlu vlgh/ dqg ohvv wkdq rqh irxuwk pdlqo| wr
sursdjdqgd idyrulqj wkh rwkhu vlgh1 Wkdw lv/ shrsoh gr qrw fkrrvh wkh prvw dffxudwh lqirupdwlrq
dydlodeoh wr wkhp1
Vhduv dqg Iuhhgpdq ^4<9:` phqwlrq wkh h{dpsoh ri Vhqdwru Zlooldp Nqrzodqg*v whohwkrq lq
wkh 4<8; Fdoliruqld jxehuqdwruldo hohfwlrq1 Lqwhuylhzv zlwk yrwhuv lpphgldwho| diwhu wkh hohfwlrq
uhyhdohg wkdw=
41 Wzlfh dv pdq| Uhsxeolfdqv dv Ghprfudwv +sursruwlrqdwho|, kdg vhhq wklv Uhsxeolfdq fdq0
glgdwh*v surjudp1
51 Wkh dyhudjh Uhsxeolfdq ylhzhu zdwfkhg wkh surjudp iru derxw dq krxu orqjhu wkdq glg wkh
dyhudjh Ghprfudwlf yrwhu1
Wkhvh revhuydwlrqv duh frqvlvwhqw zlwk wkh uhvxowv rq djhqwv* suhihuhqfh iru lqirupdwlrq wkdw lv
qrw pd{lpdoo| dffxudwh1
Pruh uhfhqwo|/ Dqvrodehkhuh dqg L|hqjdu ^4<<7` xvh dq h{shulphqwdo vhwwlqj wr vkrz wkdw fdq0
glgdwhv jdlq prvw iurp dgyhuwlvlqj rq lvvxhv ryhu zklfk wkh| fdq fodlp rzqhuvkls/ lvvxhv ryhu
zklfk wkh fdqglgdwhv kdyh d suhfrqfhlyhg dgydqwdjh lq wkh hohfwrudwh +iru h{dpsoh/ wkh sxeolf jhq0
hudoo| frqvlghuv Ghprfudwv wr eh pruh deoh wkdq Uhsxeolfdqv lq vroylqj sureohpv ri xqhpsor|phqw
dqg flylo uljkwv,1 Lq wkh h{shulphqwdo vhwwlqj/ vxemhfwv glg qrw kdyh d fkrlfh ri zkhwkhu ru qrw wr
olvwhq wr dq +rufkhvwudwhg, dgyhuwlvhphqw1 Udwkhu/ wkh dxwkruv whvwhg wkh vxemhfwv* lqwhusuhwdwlrq
ri glhuhqw nlqgv ri dgyhuwlvhphqwv1
E1 Pdunhwlqj Vwudwhjlhv
Rqfh djhqwv gr qrw shuihfwo| uhdol}h wkhlu ixwxuh wdvwh iru frqvlvwhqf|/ wkhuh lv urrp iru h{0
sorlwdwlrq e| dq rxwvlgh djhqw1 Wkh sulqflsoh ri irrw lq wkh grru uhihuv wr d vlwxdwlrq lq zklfk
dvnlqj iru d vpdoo idyru ru frpplwphqw +rqh wkdw/ lq wkh frqwh{w dw kdqg/ fdq kdugo| eh uhixvhg,/
dqg rqo| wkhq dvnlqj iru wkh odujhu frpplwphqw udlvhv wkh survshfwv ri wkh odwwhu ehlqj xqghuwdnhq1
Iuhhgpdq dqg Iudvhu ^4<99` ghprqvwudwhg wklv skhqrphqrq lq d fodvvlfdo h{shulphqw1 Krphpdnhuv
lq d plggoh0fodvv krxvlqj wudfw qhdu wkh Vwdqirug Xqlyhuvlw| fdpsxv zhuh uvw dssurdfkhg e| d
shuvrq zkr dvnhg wkhp wr gr vrphwklqj uhodwlyho| lqqrfxrxv +vljq d shwlwlrq ru sxw d vpdoo vljq lq
wkh zlqgrz ri wkhlu fdu ru krph surprwlqj d qrqfrqwuryhuvldo fdxvh/ olnh vdih gulylqj,1 Wkh ydvw
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pdmrulw| ri wkrvh dssurdfkhg djuhhg1< Wzr zhhnv odwhu d vhfrqg shuvrq ylvlwhg wkh vdph vdpsoh ri
krphpdnhuv/ dqg dovr fdoohg xsrq d frqwuro jurxs vdpsoh zkr kdg qrw ehhq suhylrxvo| frqwdfwhg/
wr dffhgh wr d idu pruh vxevwdqwldo/ hyhq udwkhu xquhdvrqdeoh / uhtxhvw1 Kh dvnhg wkhp wr doorz d
odujh/ fuxgho| ohwwhuhg/ dqg ghflghgo| xjo| Gulyh Fduhixoo| vljq wr eh lqvwdoohg gluhfwo| lq iurqw
ri wkhlu krxvh1 Dv kh pdgh wklv uhtxhvw/ kh vkrzhg wkhp d skrwr lq zklfk wkh xjo| vljq frxog eh
vhhq revfxulqj wkh iurqw grru ri dqrwkhu krxvh lq wkh wudfw1
Ixoo| :9 shufhqw ri wkh vxemhfwv zkr kdg lqlwldoo| djuhhg wr sodfh d vpdoo dxwr vdihw| vljq lq
wkhlu zlqgrz qrz djuhhg wr sodfh wkh elj dqg xjo| Gulyh Fduhixoo| vljq lq wkh iurqw ri wkhlu
krxvh1 E| frqwudvw/ rqo| 4: shufhqw djuhhg wr huhfw wkh vljq zkhq wkhuh kdg ehhq qr sulru irrw
lq wkh grru ylvlw1
D vlplodu vwxg| e| Solqhu/ Kduw/ Nrko/ dqg Vddul ^4<:7` irxqg wkdw d vdpsoh ri Wrurqwr vxexu0
edqlwhv ehfdph wzlfh dv olnho| wr grqdwh prqh| wr wkh Fdqfhu Vrflhw| diwhu djuhhlqj/ d gd| hduolhu/
wr zhdu d odsho slq sxeolfl}lqj wkh iruwkfrplqj ixqg gulyh +d uhtxhvw wkdw qrqh ri wkh vxemhfwv
dfwxdoo| uhixvhg,1
D uhodwhg phwkrg iru oxulqj frqvxphuv lv wkdw ri ghfhswlyh dgyhuwlvhphqw1 Li frqvxphuv duh
frqylqfhg wr sxufkdvh d surgxfw lq shulrg 4/ d wdvwh iru frqvlvwhqf| zloo sxvk wkhp wr dssuhfldwh
wkh surgxfw hyhq li wkh dgyhuwlvhphqw wkdw ohg wkhp wr pdnh wkh sxufkdvh zdv idovh1 Khqfh/ upv
pd| kdyh dq lqfhqwlyh wr dgyhuwlvh ghfhswlyho|143
Wklv hylghqfh lv uhodwhg wr p| uhvxowv rq h{fhvv shuvlvwhqfh ri dfwlrqv1 Wkh irrw lq wkh grru
h{shulphqwv gr qrw w wkh iudphzrun shuihfwo| vlqfh wkh ehqhwv iurp frpso|lqj zlwk wkh uhtxhvwv
lq glhuhqw vwdjhv ri wkh surfhvv vhhp wr fkdqjh1 Lq rughu wr xvh wkh vxjjhvwhg iudphzrun rqh
zrxog qhhg wr jhqhudol}h p| uhvxowv wr d vlwxdwlrq lq zklfk x ghshqgv rq w1 Iru h{dpsoh/ rqh frxog
dvvxph wkdw x+df @ , @ x+d @ , @ 4/ x+d2 @ , @ +? 4, zkloh x+d| 9@ , @ 3 iru doo w1 Vlplodu
uhvxowv wr Sursrvlwlrq 5 krog1
F1 Exvlqhvv Ghflvlrqv
Lq wkh rujdql}dwlrqdo ehkdylru olwhudwxuh frjqlwlyh glvvrqdqfh lv vrphwlphv whuphg hvfdodwlrq
ri frpplwphqw1 Lw uhihuv wr vlwxdwlrqv lq zklfk rqfh shrsoh fkrrvh rqh frxuvh ri dfwlrq/ wkhlu
eholhiv fkdqjh lq d zd| wkdw pdnhv wkhp frpplwwhg wr wkhlu fkrvhq frxuvh1 Wklv frpprq zlvgrp
fruuhvsrqgv wr wkh shuvlvwhqfh uhvxowv suhvhqwhg lq Sursrvlwlrq 51 Rqh ri wkh uvw vwxglhv lq wkh
rujdql}dwlrqdo ehkdylru olwhudwxuh ri wklv vruw zdv grqh e| Vwdz ^4<:9`1 Vwdz ohw vxemhfwv +exvlqhvv
vfkrro vwxghqwv, sod| wkh uroh ri frusrudwh qdqfldo r!fhu lq doorfdwlqj U)G ixqgv wr wkh rshudwlqj
<

Xqiruwxqdwho|/ wkh dxwkruv gr qrw vshfli| wkh shufhqwdjhv ri frpsoldqfh1
Qdjohu ^4<<6` surylghv vrph hylghqfh iru ghfhswlyh dgyhuwlvlqj1 Qdjohu dovr suhvhqwv d vshflf prgho ri frjqlwlyh
glvvrqdqfh lq zklfk d iudfwlrq ri frqvxphuv lqfxuv d vzlwfklqj frvw zlwk uhvshfw wr dfwlrqv1 Wkh prgho vkrzv krz
upv pd| ehqhw e| dgyhuwlvlqj ghfhswlyho|1
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glylvlrqv ri d k|srwkhwlfdo frpsdq|1 Kdoi wkh vxemhfwv doorfdwhg zhuh jlyhq ihhgedfn rq wkhlu
ghflvlrq dqg zhuh wkhq dvnhg wr pdnh d vhfrqg doorfdwlrq1 Wkh rwkhu kdoi ri wkh vxemhfwv glg qrw
pdnh wkh ghflvlrq wkhpvhoyhv/ exw zhuh wrog wkdw lw zdv pdgh e| dqrwkhu qdqfldo r!fhu ri wkh
up1 Ihhgedfn zdv pdqlsxodwhg vr wkdw kdoi wkh vxemhfwv uhfhlyhg srvlwlyh uhvxowv rq wkhlu lqlwldo
ghflvlrqv/ zkloh kdoi uhfhlyhg qhjdwlyh uhvxowv1
Wkh gdwd vkrzhg wkdw vxemhfwv doorfdwhg vljqlfdqwo| pruh prqh| wr idlolqj wkdq wr vxffhvvixo
glylvlrqv1 Lw zdv dovr irxqg wkdw pruh prqh| zdv lqyhvwhg lq wkh fkrvhq glylvlrq zkhq wkh sdu0
wlflsdqwv/ udwkhu wkdq dqrwkhu qdqfldo r!fhu/ zhuh uhvsrqvleoh iru wkh hduolhu ixqglqj ghflvlrq1
Xqiruwxqdwho|/ wkh dxwkru glg qrw txhvwlrq vxemhfwv iru wkhlu eholhiv rq wkh ixwxuh vxffhvv ri wkh
glhuhqw glylvlrqv1
Rqh zrxog zrqghu zkhwkhu exvlqhvv pdqdjhuv dovr froohfw lqirupdwlrq wkdw lv qrw pd{lpdoo|
dffxudwh/ dv suhglfwhg e| Sursrvlwlrq 71 Xqiruwxqdwho|/ wkhuh lv qrw pxfk hylghqfh rq wklv txhvwlrq1
Rqh uhodwhg uhsruw lv e| Hkuolfk hw do1 ^4<8:` zkr irxqg wkdw shrsoh/ zkhwkhu ru qrw wkh| kdg mxvw
erxjkw qhz fduv/ uhdg d kljkhu shufhqwdjh ri wkh dydlodeoh dgv derxw wkhlu rzq pdnhv wkdq derxw
dq| rwkhu pdnh1

YL1 Vwudwhjlf lqwhudfwlrqv
Lq wklv vhfwlrq L vxjjhvw vrph looxvwudwlyh uhvxowv rq ohduqlqj surfhvvhv lq jdphv ehwzhhq sod|huv
zkr kdyh d wdvwh iru frqvlvwhqf|1
Frqvlghu wkh iroorzlqj jdph +pdwfklqj shqqlhv,=

Wrs
Erwwrp

Ohiw

Uljkw

4> 4

3> 3

3> 3

5> 5

dqg frqvlghu sod|huv zkr duh sod|lqj fwlwlrxv sod| zlwk d wdvwh iru eholhiv dv zhoo1 Wkdw lv/ Sod|hu
4/ wkh urz sod|hu/ vwduwv zlwk dq lqlwldo eholhi/ zklfk lv wkh suredelolw| dvvrfldwhg wr Sod|hu 5 sod|lqj
O/ ri=
f @

Qfu
Qfu . Qf-

dqg wkh fwlwlrxv sod| eholhi diwhu w vwdjhv lv=
8
| @

Qfu . Q|u
Qfu . Qf- . w

zkhuh Q|u lv wkh qxpehu ri wlphv wkh dfwlrq O kdv ehhq sod|hg lq wkh uvw w shulrgv ri wkh jdph1
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Dw hdfk vwdjh/ zkhq fkrrvlqj d eholhi | / wkh djhqw kdv d wudgh0r ehwzhhq wkh lqvwuxphqwdo

hhfw ri 8
|  | dqg wkh eholhi hhfw zklfk ghshqgv rq |  |31
Wkh dfwlrq fkrvhq dw wlph w/ d| / lv jlyhq e|=
+
d| @

W

| A

E

| ?


2

2

Khqfh/ iru d p|rslf djhqw/ iru vx!flhqwo| kljk f / d| @ U ;w1
Sursrvlwlrq 9= Ohw D @ +d , eh d }hur0vxp jdph/ d ghqrwlqj wkh lm sd|r wr Sod|hu 41 Ohw
L W ghqrwh wkh vhw ri dfwlrqv zklfk duh qrw zhdno| grplqdwhg1 Dvvxph Sod|hu 4 lv p|rslf
dqg Sod|hu 5 lv vrsklvwlfdwhg/ dqg erwk xvh fwlwlrxv sod| g|qdplfv1 Wkhq wkhuh h{lvwv d
vhw ri lqlwldo eholhiv ri Sod|hu 4 zlwk zklfk Sod|hu 5 fdq jxdudqwhh d vwhdg| vwdwh sd|r ri
plqMU

W

c a d =
M

Uhpdun := Iru d vx!flhqwo| iruzdug orrnlqj Sod|hu 5/ wkhuh lv qr uhvwulfwlrq rq wkh lqlwldo eholhiv
ri Sod|hu 4 vlqfh Sod|hu 5 fdq sod| d fhuwdlq dfwlrq iru dq lqlwldo eorfn dqg gulyh Sod|hu 4 wr
dq| eholhi1
Zkhq wkhuh duh pruh wkdq wzr dfwlrqv iru hlwkhu sod|hu/ eholhiv duh pruh wkdq rqh0glphqvlrqdo
dqg zh qhhg wr prgli| wkh ixqfwlrqdo irup ri wkh eholhi xwlolw|1 Iru hdvh ri h{srvlwlrq/ L zloo
frqvlghu rqo| irupv wkdw duh h{whqvlrqv ri wkh wdvwh iru gluhfwlrqdo frqghqfh1 Rqfh hdfk dfwlrq lv
dvvrfldwhg zlwk d qxpehu +L zloo dvvxph glhuhqw dfwlrqv duh dvvrfldwhg zlwk glhuhqw qxpehuv,/
rqh fdq fdofxodwh wkh yduldqfh ri d glvwulexwlrq ryhu dfwlrqv1 Li  lv d eholhi ryhu dfwlrqv/ ydu lv
wkh yduldqfh ri wkh fruuhvsrqglqj udqgrp yduldeoh1 Vlqfh frqghqfh lv dvvrfldwhg zlwk wkh yduldqfh
ri wkh glvwulexwlrq/ d qdwxudo jhqhudol}dwlrq ri wkh eholhi xwlolw| iru rqh0glphqvlrqdo eholhiv lv ri wkh
irup=
; 

|  |3  ydu| ? ydu|3
A
A
? 

|  |3  ydu| @ ydu|3
y+| > |3 , @
A

A
= 
|  |3  ydu| A ydu|3
zkhuh nn ghqrwhv wkh Hxfolghdq qrup1
Sursrvlwlrq : +h{whqvlrq ri Sursrvlwlrq 9 wr qrq0}hur0vxp jdphv,= Ohw +D> E, @ ++d ,> +e ,,
ghqrwh d qrupdo irup wzr0sod|hu jdph1 Dvvxph Sod|hu 4 lv p|rslf dqg Sod|hu 5 lv vrsklv0
wlfdwhg/ dqg erwk xvh fwlwlrxv sod| g|qdplfv1 Ohw L W ghqrwh wkh vhw ri dfwlrqv ri Sod|hu 4
zklfk duh qrw zhdno| grplqdwhg1 Wkdw lv/ hdfk dfwlrq lq L W lv d ehvw uhvsrqvh djdlqvw vrph
5:

dfwlrq ri Sod|hu 51 Wkhq wkhuh h{lvwv d vhw ri lqlwldo eholhiv ri Sod|hu 4 zlwk zklfk Sod|hu 5
fdq jxdudqwhh d vwhdg| vwdwh sd|r ri
pd{ e =
 U c a 
M

Surri= Ohw e 5 duj plqMU

W

W

M

c a e 1 Iurp wkh ghqlwlrq ri L wkhuh h{lvwv dq dfwlrq m+l, vxfk
W

M

wkdw l 5 EU+m+l,,= Vlqfh wkhuh lv d qlwh qxpehu ri dfwlrqv ri Sod|hu 5/ wkhuh lv d vhw ri
Sod|hu 4 eholhiv

zlwk srvlwlyh +Eruho, phdvxuh djdlqvw zklfk l lv d ehvw uhvsrqvh1 Ohw

 @ + > ===> a , 5

+e| d voljkw dexvh ri qrwdwlrq L dvvxph wkdw wkh qxpehu ri Sod|hu 5*v

dfwlrqv/ mMm/ lv htxdo wr M,1

 E @ Q v1w1 l 5 EU+ , iru doo  ri wkh irup  @  iru vrph
&  n

Slfn Qf& @ 3 ;n 9@ m+l,/ Qf
n 9@ m+l, dqg  E @

W








 n iru doo Q A Q +wkhuh h{lvwv vxfk dq Q vlqfh M lv qlwh,1
W

W

Qrwh wkdw iru vxfk  / ydu A yduf +qr pdwwhu krz wkh dfwlrqv zhuh qxpehuhg,1
Khqfh/ zkdwhyhu dfwlrq lv wdnhq dw vwdjh 4 ri wkh jdph lw lv rswlpdo iru Sod|hu 4 wr fkrrvh
 @ f 1 Lqgxfwlyho|/ | @ f iru doo w dqg khqfh Sod|hu 4 zloo sod| l iru doo w zkhq wkh lqlwldo

eholhi lv f =

Uhpdun ;= Lq wkh vwdqgdug fwlwlrxv sod|/ sod|huv krog lqglfhv iru wkh qxpehu ri wlphv hdfk
dfwlrq kdv ehhq sod|hg1 Khuh/ zh kdyh ehhq xvlqj d ohvv uhvwulfwlyh dvvxpswlrq rq sod|huv*

vrsklvwlfdwlrq1 Hdfk sod|hu uhphpehuv dw hdfk vwdjh w wkh sdlu +|3 > Qf . Qf2 . === . Qfa . w,

zkhuh M lv wkh rssrqhqw*v qxpehu ri dfwlrqv1

YLL1 Frqfoxglqj Frpphqwv
Wkh sv|fkrorj| olwhudwxuh lqglfdwhv wkdw shrsoh h{klelw frjqlwlyh eldvhv lpso|lqj d wdvwh iru
frqvlvwhqf|1 Lq eurdg whupv/ wklv sdshu*v frqwulexwlrq lv lq surylglqj d iudphzrun iru dqdo|}lqj
ghflvlrq pdnlqj zkhq djhqwv fkrrvh dfwlrqv dqg eholhiv1 Lq sdulfxodu/ wkh sdshu sursrvhv d prgho
lq zklfk glvwruwlrqv ri eholhiv iurp wkh Ed|hvldq srvwhulruv dulvh hqgrjhqrxvo|1
Wkh iudphzrun khosv h{sodlq xqghu0 dqg ryhufrqghqfh/ h{fhvv vwlfnlqhvv lq dfwlrq fkrlfhv/ dqg
djhqwv* suhihuhqfh iru ohvv dffxudwh vljqdov ru ohvv vljqdov dowrjhwkhu1 Wkh uhvxowv duh frqvlvwhqw
zlwk hylghqfh frqfhuqlqj revhuyhg ryhufrqghqfh ri qdqfldo lqyhvwruv/ vhohfwlyh h{srvxuh wr srolw0
lfdo lqirupdwlrq/ pdunhwlqj vwudwhjlhv h{sorlwlqj shrsoh*v whqghqf| wr shuvlvw zlwk d wdnhq dfwlrq/
hvfdodwlrq ri frpplwphqw ri exvlqhvv pdqdjhuv/ dqg pruh1
Wkh xqghuo|lqj vhwxs vxjjhvwhg lq wklv sdshu rhuv jurxqgv iru pruh zrun/ wkhruhwlfdo dqg
dssolhg1 Lq zkdw iroorzv L vxjjhvw d ihz gluhfwlrqv iru ixwxuh lqtxlu|1
5;

Rq d wkhruhwlfdo ohyho/ wkh prgho suhvhqwhg khuh lv d ehqfkpdun prgho lq d ihz uhvshfwv1 Iru
h{dpsoh/ L dvvxphg wkh djhqw kdv rqo| rqh vwdjh phpru| ri eholhiv1 Wkhuh lv vrph hylghqfh
lqglfdwlqj wkdw shrsoh whqg wr uhphpehu wkhlu wkhrulhv/ udwkhu wkdq wkh kdug hylghqfh wkdw ohg
wr wkhlu frqvwuxfwlrq +vhh Vkdfwhu ^4<<9`,1 Krzhyhu/ d srvvleoh h{whqvlrq ri wkh fxuuhqw prgho
zrxog orrn dw orqjhu ghflvlrq surfhvvhv dqg doorz iru wkh phprul}dwlrq ri pruh wkdq rqh eholhi1 Lq
rughu wr kdyh d uhdolvwlf prgho/ rqh zrxog qhhg wr wdnh lqwr dffrxqw hhfwv ri vhohfwlyh phpru|/
sduwlfxoduo|/ wkh whqghqf| wr uhphpehu wklqjv wkdw hqkdqfh rqh*v vhqvh ri zhoo0ehlqj1 Lq rwkhu
zrugv/ zkdw shrsoh uhphpehu pd| eh sduwo| hqgrjhqrxv wr wkh vwuxfwxuh ri wkhlu suhihuhqfhv dv
zhoo1
Dqrwkhu vwurqj dvvxpswlrq L srvhg uhihuv wr djhqwv pd{lpl}lqj wkhlu remhfwlyh ixqfwlrq zlwk
uhvshfw wr wkh Ed|hvldq srvwhulru/ wkdw pd| glhu iurp wkh eholhi fkrvhq wkdw shulrg1 Rqh frxog
srwhqwldoo| uhod{ wklv dvvxpswlrq lq vhyhudo zd|v 0 olplwlqj wkh h{whqw wr zklfk wkh dgrswhg eholhi
fdq glhu iurp wkh Ed|hvldq srvwhulru/ ohwwlqj wkh djhqw pd{lpl}h khu remhfwlyh ixqfwlrq zlwk
uhvshfw wr vrph frqyh{ frpelqdwlrq ri wkh Ed|hvldq xsgdwh dqg khu dgrswhg eholhi +vhh irrwqrwh
7,/ dqg wkh olnh1
Wkh uhvxowv rq djhqwv* suhihuhqfh iru ohvv dffxudwh lqirupdwlrq ryhu pruh dffxudwh lqirupdwlrq
vhuyh dv jurxqgv iru srwhqwldo qhz h{shulphqwv rq lqirupdwlrq dftxlvlwlrq/ dv zhoo dv d qdwxudo
srlqw iru whvwlqj wkh wkhru| vxjjhvwhg lq wklv sdshu1 Lq dgglwlrq/ vxfk uhvxowv zrxog vxjjhvw wkdw
wkh sulflqj ri lqirupdwlrq lq wkh pdunhw zrxog qrw qhfhvvdulo| eh prqrwrqlf lq wkh dprxqw ri
lqirupdwlrq1 Wkh prgho zrxog vxjjhvw d suhihuhqfh uhodwlrq ryhu lqirupdwlrq vwuxfwxuhv wkdw zrxog
eh txdolwdwlyho| glhuhqw iurp/ h1j1 wkh frpprqo| xvhg Eodfnzhoo uhodwlrq +vhh Eodfnzhoo ^4<83`,1
D uhdvrqdeoh frvw ixqfwlrq zrxog wkhq eh d uhsuhvhqwdwlrq ri wklv uhodwlrq1
Lq Vhfwlrq YL/ L vnhwfkhg suholplqdu| uhvxowv uhodwhg wr ohduqlqj ri d qdlyh rswlplvw sod|lqj
djdlqvw d iruzdug orrnlqj djhqw1 L eholhyh d jhqhudol}dwlrq ri vxfk dqdo|vlv pljkw surylgh d irxq0
gdwlrq iru vhoi0frquplqj htxloleuld1 Lqghhg/ li erwk sod|huv fduh derxw frqvlvwhqf| dqg jhqhudwh
eholhiv derxw wkhlu rssrqhqw*v vwudwhj|/ h{shulphqwdwlrq pd| eh olplwhg1 Zkhq sod|huv gr qrw
iruhvhh wkh hhfwv ri wkhlu fxuuhqw fkrlfhv ri eholhiv/ wkhq vwlfnlqhvv/ ru qrq0h{shulphqwdwlrq/ pd|
eh hyhq vwurqjhu1 Khqfh/ d irupdol}dwlrq ri wkhvh lghdv zrxog vshfli| d ohduqlqj surfhvv lq zklfk
iru vx!flhqwo| kljk  ri erwk sod|huv wkh sod| frqyhujhv wr vhoi0frquplqj htxloleuld1 Wkh vshhg ri
frqyhujhqfh zrxog eh uhodwhg wr wkh glhuhqfh ehwzhhq wkh dfwxdo sdudphwhu  dqg wkh shufhlyhg

h=

5<

Rq dq dssolhg ohyho/ d qdwxudo qh{w vwhs lv d txdqwlwdwlyh whvw ri wkh prgho*v suhglfwlrqv1 Lq
rughu wr fduu| rxw vxfk d whvw/ rqh zrxog qhhg qxphulfdo hvwlpdwhv ri wkh prgho*v sdudphwhuv/
qdpho| hvwlpdwhv ri  dqg 
h= Dv lqglfdwhg e| vrph ri wkh phglfdo dqg sv|fkrorjlfdo vwxglhv +vhh
glvfxvvlrq lq Vhfwlrq LY1G, wkhvh sdudphwhuv duh suredeo| qrw xqlirup dfurvv lqglylgxdov1 Khqfh/
d fdoleudwlrq h{huflvh zrxog hqwdlo d vshflfdwlrq ri glvwulexwlrqv/ udwkhu wkdq vkhhu phdqv1
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Dsshqgl{ D 0 Surriv ri Pdlq Uhvxowv
Ohppd= H{shfwhg xwlolw| dw vwdjh 4/ li t2 ? h
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Surri= L xvh edfnzdugv lqgxfwlrq lq rughu wr vroyh iru htxloleulxp1
Orrnlqj dw vwdjh 5/ dvvxph uvw wkdw  A 2 1

Li t2 9  wkhq 
2 A
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iru doo v2 $ 2 @ 4 dqg df @ d @ d2 @ O1
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Lqwxlwlyho| li  lv vx!flhqwo| vpdoo wkh djhqw lv pruh olnho| wr ydoxh wkh vljqdo U1
Dvvxph qrz wkdw  ? 2 1
Li t2 9 4   wkhq 
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+wkh djhqw lv lqglhuhqw zkhq  @
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@ 2 dqg
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 +v @ U, dqg vr lqghhg wkh djhqw lv ryhufrqghqw zkhq v @ O dqg

xqghufrqghqw zkhq v @ U=
Surri ri Sursrvlwlrq 5= Xvlqj wkh qrwdwlrq ri wkh odvw sursrvlwlrq/ zkhq t A t +,>  +v @
>
O, A t2 dqg iurp wkh surri ri wkh Ohppd/ 2 @ 4 qr pdwwhu zkdw v2 lv1 Vlqfh t2 A h
 +v @ U, @ 4  t2 = Khqfh/ iurp wkh surri ri wkh Ohppd/ 2 @ 3 qr pdwwhu zkdw v2 lv1
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fkrrvh tM +A tu , v1w1  +v @ O, @ 4 dqg  +v @ U, @ 3=


2

dqg wkhq

Wkh h{0dqwh h{shfwhg xwlolw| zkhq t @ tu lv=

4
4
stu ^5 . +t2  s, . +4  t2 ,` . s+4  tu ,^t2 . +  s, . +4  ,t2 ` .
5
5
4
4
u
.+4  s,t ^4 . t2 . +  s, . +4  ,+4  t2 ,` . +4  s,+4  tu ,^t2  s . 4  t2 `
5
5
6
4
4
@ stu +6  s, . s+4  tu ,+ t2 .  s, . +4  s,tu +5 . t2  s, . +4  s,+4  tu ,+4  s,=
5
5
5
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Wkh h{0dqwh h{shfwhg xwlolw| zkhq t @ tM lv=
stM ^5 . +4  s,` . s+4  tM ,^3  s` . +4  s,tM ^5 . +3  s,` . +4  s,+4  tM ,^4  s` @
@ stM +6  s, . s+4  tM ,+s, . +4  s,tM +5  s, . +4  s,+4  tM ,+4  s,=
vxewudfwlqj wkh odwwhu iurp wkh iruphu zh jhw=
+tM  tu ,^+4  s,2  s+6  s,  s2  +4  s,+4  5s,` .
4
6
4
.s+4  tu ,+ t2 . , . +4  s,tu t2
5
5
5
@ 5s+s  4,+tM  tu , .

4 6
4
4
. st2 . tu t2  5stu t2  stu
5 5
5
5

Iurp wkh dvvxpswlrqv rq wkh sdudphwhuv/
4
5s+4  s,+tM  tu , ? >
7
6
4
4
4
6
st2  5stu t2 @ st2 +4  tu ,  stu t2 A  stu t2 A  > dqg
5
5
5
5
7
4 u
4
4
t t2  stu @ tu +t2  s, A 3=
5
5
5
Wkxv/ wkh deryh glhuhqfh lv srvlwlyh dqg tu ohdgv wr kljkhu h{0dqwh h{shfwhg xwlolw| wkdq
tM = Wkh fodlp ri wkh Sursrvlwlrq iroorzv iurp frqwlqxlw|1

Surri ri Sursrvlwlrq 615 +h{0dqwh xwlolw| qrq0prqrwrqlflw| z1u1w1 t2 ,= L orrn dw wkh fdvh
ri  @ 4/  @ 4/ 
h @ 3 dqg frpsduh wkh h{0dqwh h{shfwhg xwlolw| zkhq t2 @


2

dqg t2 @ 4  %

zkhuh % lv vpdoo1
Iru t2 @ 2 / zkhq fkrrvlqj d eholhi/ wkh djhqw eholhyhg wkdw vkh zloo qrw dowhu khu eholhi lq wkh
qh{w shulrg1 Vlqfh qr dgglwlrqdo lqirupdwlrq zloo eh dftxluhg/ wkh lqvwuxphqwdo whup ri wkh
xwlolw| lv wkh vdph iru erwk shulrgv/ dqg wkh eholhi lv suhglfwhg wr htxdo }hur lq wkh vhfrqg
shulrg1 Khqfh/ lw lv dv li wkh djhqw lv vroylqj d rqh shulrg jdph zlwk  @
dqdo|vlv iru wkh Surri ri wkh Ohppd deryh/ vlqfh t ?
+
 +v @ O, @ 4

 +v @ U, @
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21

Xvlqj rxu

^ > zh jhw wkdw zkhq t A s=
e^

D3

2

s?

4

sA

^
4
^ @ 5 =
e^

D3e^
D3

H{shfwhg h{0dqwh xwlolw| lv wkhq=
4
4
st ^5 . +4  s,` . s+4  t ,^  s` . +4  s,t ^5 .  s` . +4  s,+4  t ,+4  s,=
5
5
Iru t2 @ 4  %/ % ?? 4> zh fdq xvh wkh Ohppd lq rughu wr ghwhuplqh wkh fkrlfh ri  = Wkh
djhqw h{shfwv wrwdo xwlolw| wr htxdo=
;
A
A
 A 4  %
5
 . +4  s,
A
A
A
? ^ . +  s,` . ^4 .  +4   , . +   ,`  9  ? 4  %






2
2
X@





A
^4


.
+

s,`
.
^4
.


+


,`
%
9

A


 ? 2



2
A
A
A
= 5+4   .  ,  s
 ? %


Iru vx!flhqwo| kljk t zh jhw=
+
 @

4

v @ O

%

v @ U

=

Dw vwdjh 5/ vlqfh t2 @ 4  %+? 4,/
+
2 @

 @ 4 v @ O
3

v @ U

dqg h{shfwhg xwlolw| lv wkhuhiruh=
st ^5 . +4  s,` . s+4  t ,+5%  s, . +4  s,t +5 . 5%  s, . +4  s,+4  t ,+4  s,=
Wkh glhuhqfh ehwzhhq wkh h{0dqwh h{shfwhg xwlolw| zlwk t2 @


2

dqg h{0dqwh h{shfwhg xwlolw|

zlwk t2 @ 4  %> % ?? 4 lv wkhq dssur{lpdwho| +zkhq ohwwlqj % $ 3,
4
4
s+4  t ,+  s . s, . +4  s,t +5 .  s  5 . s, @
5
5
4
4
@ s+4  t , . +4  s,t A 3=
5
5
Vr/ lqghhg/ wkh h{0dqwh h{shfwhg xwlolw| lv kljkhu iru t2 @


2

wkhq iru t2 @ 4  % A 2 1 Wkh fodlp

ri wkh sursrvlwlrq iroorzv iurp frqwlqxlw|1
Surri ri Sursrvlwlrq 714 +shufhlyhg xwlolw| prqrwrqlflw| z1u1w1 t ,= Wkh surri lv hvvhqwldoo|
lghqwlfdo wr wkh rqh xvhg wr vkrz prqrwrqlflw| ri h{0dqwh xwlolw| zkhq djhqwv duh iruzdug orrn0
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lqj +vhh Dsshqgl{ E wkdw iroorzv,1 Ohw u A t A 2 1 Ohw | 5 ^ 2 > 4` eh v1w1
u | . +4  u ,+4  |, @ t =
Frqvlghu wkh iroorzlqj vwudwhj| lq wkh jdph zlwk vljqdov ri dffxudflhv u > t2 > ===> tA =
Diwhu uhfhlylqj wkh vljqdo v fuhdwh d vljqdo v 5 iO> Uj dffruglqj wr wkh suredelolwlhv=
Su+
v @ v , @ |

Su+
v 9@ v , @ 4  |=

Su+
v @ , @ t

Su+
v 9@ , @ 4  t =

Iurp wkh fkrlfh ri |/

Wkxv/ v lv d vljqdo ri dffxudf| t = Wkh djhqw fdq wkhq xvh wkh rswlpdo vwudwhj| ri wkh jdph
zlwk vljqdo dffxudflhv t dqg fdq khqfh jxdudqwhh khuvhoi d shufhlyhg xwlolw| ohyho fruuhvsrqg0
lqj wr dffxudflhv +t > t2 , zkhq wkh dffxudflhv duh +u > t2 ,1
Surri ri Sursrvlwlrq 715 +shufhlyhg xwlolw| qrq0prqrwrqlflw| z1u1w1 t2 ,= Vxssrvh wkdw  @
4>  @ 4> dqg 
h> t > t2u > t2M > t2u ? 
h ? t2M duh vxfk wkdw

41

4 u 6
t  t . t t2M A 3>
5 2
5

51 Zkhq t2 @ t2u >
+
 @

^2 E23h
2n
h 32^2

2

+

v @ O

d2 @

v @ U

O

v2 @ O

U

v2 @ U

>

61 Zkhq t2 @ t2M >
+
 @

t2

v @ O


2

v @ U

+
d2 @

O

v @ O ru v2 @ O

U

v @ v2 @ U

=

Zkhq t2 @ t2u > h{shfwhg shufhlyhg xwlolw| lv=
sit ^4 .

u
u
h,
t2u +5  
u +5  t2 +5  h, , . +4  tu ,+ 4  t2 +5  h , ,`.

s
.
t
2
2
5 5.
5.h
  5t2u
5.
h  5t2u
h  5t2u
6:

4
4
4
.+4  t ,^  s . t2u +5  , . +4  t2u ,+3 . ,`j.
5
5
5
4
4
4
.+4  s,it ^4 .  s . t2u +4 . , . +4  t2u , `.
5
5
5

.+4  t ,^

u
u
h,
t2u +5  
u +4 . 4  t2 +5  h, , . +4  tu ,+4  t2 +5  h , ,`j @

s
.
t
2
2
5 5.h
5.
h  5t2u
  5t2u
5.
h  5t2u
4
4
4
4
@ 4  s . t . t2u  st . st2u . t t2u =
5
5
5
5

Zkhq t2 @ t2M > h{shfwhg shufhlyhg xwlolw| lv=
sit ^5 . t2  s . 4  t2M ` . +4  t ,^3 .
.+4  s,it ^4 .

4
4
4
 s . t2M +4 . , . +4  t2M ,+3 . ,`j.
5
5
5

4
4
4
 s . t2M +4 . , . +4  t2M ,+3 . ,`.
5
5
5

.+4  t ,^3 . t2  s . 4  t2M `j @
@ 4  s . t . st . t t2M +4  s,
Vxewudfwlqj wkh odwwhu iurp wkh iruphu zh jhw=

4 u 4
4
4
t2  st . st2u . t t2u  st  t t2M +4  s, @
5
5
5
5
6
4
4
@ s+ t2u  t . t t2M , . t2u +4 . t ,  t t2M
5
5
5
vlqfh

 u
2 t2

 2 t . t t2M A 3> zh jhw wkdw wkh odvw h{suhvvlrq lv juhdwhu ru htxdo wkdq wkh

h{suhvvlrq dfklhyhg diwhu soxjjlqj lq s @ 2 = Wkdw lv/ wkh glhuhqfh lv juhdwhu ru htxdo wkdq=
4 4 u 6
4
+ t  t . t t2M , . t2u +4 . t ,  t t2M @
5 5 2
5
5
6
4 6
4
@ t +t2u  t2M , . +t2u  t , A  . A 3
5
7
7 ;
zkhuh wkh lqhtxdolw| ehiruh odvw krogv vlqfh t 9 4> t2u  t2M A  2 > dqg t2u  t 9 2 1
Wkh sursrvlwlrq*v fodlp wkhq iroorzv iurp frqwlqxlw|1

6;

Surri ri Sursrvlwlrq 8= Zh suryh wkh fodlp iru  @ 
h @ 4>  @ 41 Wkh sursrvlwlrq wkhq iroorzv
iurp frqwlqxlw|1 Iru wkh rqh vwdjh jdph/ htxloleulxp eholhiv duh
+
 +v @ O, @ 4

 +v @ U, @

4

t 9


2

t A

R
R

n2R
n2R

=

Wkh h{0dqwh h{shfwhg xwlolw| ri wkh rqh vwdjh jdph lv jlyhq e|=
+
X @
W

4

2

t 9
 s . t . 2 st

Iru dq| t2 ? e /

+
2 @

t A

4

 A

3

 ?


2

2

R
R

n2R
n2R

=

=

Wkxv/ wkh h{0dqwh h{shfwhg xwlolw| lv=
X2W 9 ^st . +4  s,t ` . 2 +4  s, @ 2 +4  s, . t =
Vlqfh t ?

R nR
n2R > 2 /

zh jhw wkdw X2W ? XW dqg wkh sursrvlwlrq*v fodlp iroorzv iurp frqwlqxlw|1

Dsshqgl{ E 0 Iruzdug Orrnlqj Djhqwv
Wkh fdvh ri iruzdug orrnlqj djhqwv/ l1h1 djhqwv iru zkrp  @ 
h wxuqv rxw frqfhswxdoo| glhuhqw
iurp wkh fdvh ri 
h ? 1 Wkhvh djhqwv duh wlph frqvlvwhqw dqg wkhuhiruh vwdqgdug uhvxowv ri lqirupd0
wlrq hfrqrplfv/ vxfk dv suhihuulqj pruh lqirupdwlrq wr ohvv/ suhihuulqj pruh dffxudwh vljqdov ryhu
ohvv dffxudwh rqhv/ hwf1 krog iru wkhp1 Lq wklv dsshqgl{ L ghdo zlwk wkh vshfldo uhvxowv uhodwlqj wr
iruzdug orrnlqj djhqwv1 Wkh skhqrphqd fkdudfwhulvwlf ri iruzdug orrnlqj djhqwv/ wkdw L suhvhqw
khuh/ duh qrw vshflf wr wkh xwlolw| ixqfwlrqdo irup L slfn/ ru wr wkh ohqjwk ri wkh surfhvv1 L zloo
khqfh skudvh wkhp lq wkh frqwh{w ri d jhqhudo ixqfwlrqdo irup dv=

A
[

A
[

|
X| @
 x+d , .
  | y+|  > | ,
'|
 '| 
3

3

3

3  f =

3

H{0dqwh h{shfwhg xwlolw| lv wkh h{shfwhg xwlolw| ehiruh dq| vljqdo lv uhdol}hg1
Ghqrwh e| X+t > t2 > ===> tA , wkh h{0dqwh h{shfwhg xwlolw| zlwk vljqdov ri dffxudflhv t > t2 > ===tA 1
Iru iruzdug orrnlqj djhqwv/ wkh h{0dqwh h{shfwhg xwlolw| lv wkh xwlolw| wkh djhqw ri wlph }hur h{shfwv
wr jhw/ ehiruh revhuylqj vljqdo v = Iru vxfk djhqwv/ wkhuh lv iuhh glvsrvdo ri lqirupdwlrq/ lq wkh vhqvh
6<

wkdw lqirupdwlrq fdq eh ljqruhg ru glvwruwhg +dqg pdgh ohvv dffxudwh,1 Khqfh/ h{0dqwh xwlolw| lv
qrq0ghfuhdvlqj lq wkh lq hdfk ri wkh vljqdov* dffxudflhv1 Wklv lv fdswxuhg lq wkh iroorzlqj sursrvlwlrq=
Sursrvlwlrq ; +jhqhudo prqrwrqlflw| ri h{0dqwh h{shfwhg xwlolw|,= X+t > t2 > ===> tA , lv qrq0

ghfuhdvlqj lq t iru doo l ryhu ^ 2 > 4`A = Lq sduwlfxodu/ li X lv glhuhqwldeoh lq doo lwv dujxphqwv/

wkhq

YL
Y^  3 iru doo l1

Surri= Ohw u A t A 2 1 Ohw | 5 ^ 2 > 4` eh v1w1
u | . +4  u ,+4  |, @ t =
Frqvlghu wkh iroorzlqj vwudwhj| lq wkh jdph zlwk vljqdov ri dffxudflhv u > t2 > ===> tA =
Diwhu uhfhlylqj wkh vljqdo v fuhdwh d vljqdo v 5 iO> Uj dffruglqj wr wkh suredelolwlhv=
Su+
v @ v , @ |

Su+
v 9@ v , @ 4  |=

Su+
v @ , @ t

Su+
v 9@ , @ 4  t =

Iurp wkh fkrlfh ri |/

Wkxv/ v lv d vljqdo ri dffxudf| t = Wkh djhqw wkhq xvhv wkh rswlpdo vwudwhj| ri wkh jdph zlwk
vljqdo dffxudflhv t > t2 > ===> tA xvlqj wkh vljqdov v > v2 > ===> vA wkxv jxdudqwhhlqj dq h{shfwhg
+h{0dqwh, xwlolw| ri X+t > t2 > ===> tA ,= Khqfh/
X+u > t2 > ===> tA , A X+t > t2 > ===> tA ,
dv wkh sursrvlwlrq fodlpv1
Sursrvlwlrq < +frqyh{lw| ri h{0dqwh h{shfwhg xwlolw|,= X+t > t2 > ===> tA , lv frqyh{ lq hdfk ri
t > t2 > ===tA 1
Surri= Ohw t @ t . +4  ,t2 = Frqvlghu wkh jdph lq zklfk ehiruh wkh surfhvv ehjlqv/ dffx0

udflhv t dqg t2 duh udqgrpl}hg zlwk suredelolwlhv  dqg 4   uhvshfwlyho| dqg wkh djhqw

lv wrog zklfk dffxudf| zdv uhdol}hg1 Wkh h{0dqwh h{shfwhg htxloleulxp xwlolw| ri wklv jdph

lv X+t > ===> t3 > t > tn > ===> tA , . +4  ,X+t > ===> t3 > t2 > tn > ===> tA ,1 Li wkh djhqw ljqruhv

wkh dgglwlrqdo lqirupdwlrq frqfhuqlqj zklfk dffxudf| kdv ehhq fkrvhq/ vkh fdq jxdudqwhh
X+t > ===> t3 > t > tn > ===> tA ,1 Wkxv/ wkh ghqlwlrq ri htxloleulxp vwudwhj| uhtxluhv=
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X+t > ===> t3 > t > tn > ===> tA , . +4  ,X+t > ===> t3 > t2 > tn > ===> tA , A

A X+t > ===> t3 > t > tn > ===> tA ,
zklfk lpsolhv wkdw X lv frqyh{ lq lwv dujxphqwv1
Fruroodu|= X+t > t2 > ===> tA , lv frqwlqxrxv rq + 2 > 4,A =
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Uhihuhqfhv
Dnhuori/ J1 D1 dqg Glfnhqv/ Z1 W1 ^4<;5`/ Wkh Hfrqrplf Frqvhtxhqfhv ri Frjqlwlyh Glvvr0
qdqfh/ Wkh Dphulfdq Hfrqrplf Uhylhz/ :5+6,/ ss1 63:064<1
Dnhuori/ J1 D1 dqg Nudqwrq/ U1 ^5333`/ Hfrqrplfv dqg Lghqwlw|/ Wkh Txduwhuo| Mrxuqdo ri
Hfrqrplfv1
Dqvrodehkhuh/ V1 dqg L|hqjdu/ V1 ^4<<7`/ Ulglqj wkh Zdyh dqg Fodlplqj Rzqhuvkls Ryhu Lvvxhv=
Wkh Mrlqw Hhfwv ri Dgyhuwlvlqj dqg Qhzv Fryhudjh lq Fdpsdljqv/ Sxeolf Rslqlrq Txduwhuo|/
8;+6,/ ss1 668068:1
Dunhv/ K1 U1 dqg Eoxphu/ F1 ^4<;8`/ Wkh Sv|fkrorj| ri Vxqn Frvwv/ Rujdql}dwlrqdo Ehkdylru
dqg Kxpdq Ghflvlrq Surfhvvhv/ 68/ ss1 45704731
Durqvrq/ H1 ^4<9<`/ Wkh Wkhru| ri Frjqlwlyh Glvvrqdqfh= D Fxuuhqw Shuvshfwlyh1 Lq O1
Ehunrzlw} +Hg1,/ Dgydqfhv lq H{shulphqwdo Vrfldo Sv|fkrorj| +yroxph 7,/ Qhz \run= Dfdghplf1
Edxphlvwhu/ U1 I1 ^4<<;`/ Wkh Vhoi/ lq Jloehuw/ G1 W1/ Ilvnh/ V1 W1/ dqg Olqg}h|/ J1 +Hgv1,/
Wkh kdqgerrn ri vrfldo sv|fkrorj| +7wk hglwlrq,/ Qhz \run= PfJudz Kloo1
Ehqderx/ U1 dqg Wluroh/ M1 ^5335`/ Vhoi0Frqghqfh dqg Shuvrqdo Prwlydwlrq/ iruwkfrplqj lq
Wkh Txduwhuo| Mrxuqdo ri Hfrqrplfv1
Eodfnzhoo/ G1 ^4<83`/ Htxlydohqw Frpsdulvrqv ri H{shulphqwv/ Dqqdov ri Pdwkhpdwlfdo Vwd0
wlvwlfv/ 54/ 59805:51
Ergqhu/ U1 dqg Suhohf/ G1 ^4<<:`/ Wkh Gldjqrvwlf Ydoxh ri Dfwlrqv lq d Vhoi0vljqdolqj Prgho/
plphr1
Euhkp/ M1 Z1 ^4<89`/ Srvwghflvlrq Fkdqjhv lq wkh Ghvludelolw| ri Dowhuqdwlyhv/ Mrxuqdo ri
Deqrupdo Vrfldo Sv|fkrorj|/ 85/ ss1 6;706;<1
Fduloor/ M1 dqg Pdulrwwl/ W1 ^4<<:`/ Zlvkixo Wklqnlqj dqg Vwudwhjlf Ljqrudqfh/ plphr1
Gduoh|/ M1 P1 dqg Jurvv/ S1 K1 ^4<;6`/ D K|srwkhvlv0Frquplqj Eldv lq Odeholqj Hhfwv/
Mrxuqdo ri Shuvrqdolw| dqg Vrfldo Sv|fkrorj|/ ss1 530661
Hkuolfk/ G1/ Jxwwpdq/ L1/ Vfkrqedfk/ S1/ dqg Ploov/ M1 ^4<8:`/ Srvw0ghflvlrq H{srvxuh wr Uhoh0
ydqw Lqirupdwlrq/ Mrxuqdo ri Deqrupdo dqg Vrfldo Sv|fkrorj|/ 87/ ss1 <;04351
Honlq/ U1 K1 dqg Ohlssh/ P1 U1 ^4<;9`/ Sk|vlrorjlfdo Durxvdo/ Glvvrqdqfh/ dqg Dwwlwxgh Fkdqjh=
Hylghqfh iru d Glvvrqdqfh0Durxvdo Olqn dqg d Grq*w Uhplqg Ph Hhfw/ Mrxuqdo ri Shuvrqdolw|
dqg Vrfldo Sv|fkrorj|/ 84/ ss1 880981
Hoolrw/ D1 M1 dqg Ghylqh/ S1 J1 ^4<<7`/ Rq wkh Prwlydwlrqdo Qdwxuh ri Frjqlwlyh Glvvrqdqfh=
Glvvrqdqfh dv Sv|fkrorjlfdo Glvfrpiruw/ Mrxuqdo ri Shuvrqdolw| dqg Vrfldo Sv|fkrorj|/ 9:+6,/ ss1
6;506<71
Ihvwlqjhu/ O1 ^4<8:`/ D Wkhru| ri Frjqlwlyh Glvvrqdqfh1 Vwdqirug/ FD= Vwdqirug1
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Iudqn/ P1 J1 dqg Jlorylfk/ W1 ^4<;;`/ Wkh Gdun Vlgh ri Vhoi dqg Vrfldo Shufhswlrq= Eodfn
Xqlirupv dqg Djjuhvvlrq lq Surihvvlrqdo Vsruwv/ Mrxuqdo ri Shuvrqdolw| dqg Vrfldo Sv|fkrorj|/
87/ ss1 :70;81
Iuhhgpdq/ M1 O1 dqg Iudvhu/ V1 F1 ^4<99`/ Frpsoldqfh Zlwkrxw Suhvvxuh= Wkh Irrw0Lq0Wkh0Grru
Whfkqltxh/ Mrxuqdo ri Shuvrqdolw| dqg Vrfldo Sv|fkrorj|/ 7/ ss1 4<805351
Iurpnlq/ Y1 ^5333`/ Olqjxlvwlfv= Dq Lqwurgxfwlrq wr Olqjxlvwlf Wkhru|/ R{irug/ XN= Eodfnzhoo1
Jhdqdnrsorv/ M1/ Shdufh/ G1/ dqg Vwdffkhwwl/ H1 ^4<;<`/ Sv|fkrorjlfdo jdphv dqg vhtxhqwldo
udwlrqdolw|/ Jdphv dqg Hfrqrplf Ehkdylru/ 4/ 930:<1
Jloehuw/ G1 W1/ Slqho/ H1 F1/ Zlovrq/ W1 G1/ Eoxpehuj/ V1 M1/ dqg Zkhdwoh|/ W1 ^4<<;`/ Lppxqh
qhjohfw= D vrxufh ri gxudelolw| eldv lq dhfwlyh iruhfdvwlqj/ Mrxuqdo ri Shuvrqdolw| dqg Vrfldo
Sv|fkrorj|/ :8/ ss1 94:096;1
Jlorylfk/ W1 ^4<<4`/ Krz Zh Nqrz Zkdw Lvq*w Vr= Wkh Idoolelolw| ri Kxpdq Uhdvrq lq Hyhu|gd|
Olih/ Iuhh Suhvv1
Jodvv/ G1 F1 ^4<97`/ Fkdqjhv lq Olnlqj dv d Phdqv ri Uhgxflqj Frjqlwlyh Glvfuhsdqflhv ehwzhhq
Vhoi0Hvwhhp dqg Djjuhvvlrq/ Mrxuqdo ri Shuvrqdolw|/ 65/ ss1 864087<1
Jul!q/ G1 dqg Wyhuvn|/ D1 ^4<<5`/ Wkh Zhljklqj ri Hylghqfh dqg wkh Ghwhuplqdqwv ri Frq0
ghqfh/ Frjqlwlyh Sv|fkrorj|/ 57/ ss1 74407681
Nqr{/ U1 H1 dqg Lqnvwhu/ M1 D1 ^4<9;`/ Srvwghflvlrq Glvvrqdqfh dw Srvw Wlph/ Mrxuqdo ri
Shuvrqdolw| dqg Vrfldo Sv|fkrorj|/ 4+;,/ ss1 64<06561
Nrv}hjl/ E1 ^4<<<`/ Vhoi0lpdjh dqg Hfrqrplf Ehkdylru/ PLW glvvhuwdwlrq1
Nudqw}/ G1 V1/ Edxp/ D1/ dqg Zhlghupdq/ P1 Y1 ^4<;3`/ Dvvhvvphqw ri Suhihuhqfhv iru Vhoi0
wuhdwphqw dqg Lqirupdwlrq lq Khdowk Fduh/ Mrxuqdo ri Shuvrqdolw| dqg Vrfldo Sv|fkrorj|/ 6</ ss1
<::0<<31
Nxqgd/ ]1 ^4<<3`/ Wkh Fdvh ri Prwlydwhg Uhdvrqlqj/ Sv|fkrorjlfdo Exoohwlq/ 43;/ 6/ ss1 7;30
7<;1
Od}duvihog/ S1 I1/ Ehuhovrq/ E1/ dqg Jdxghw/ K1 ^4<7;`/ Wkh Shrsoh*v Fkrlfh/ Vhfrqg Hglwlrq/
Qhz \run/ Froxpeld Xqlyhuvlw| Suhvv1
Orhzhqvwhlq/ J1 dqg Vfkndgh/ G1 ^4<<<`/ Zrxogq*w lw eh qlfhB Suhglfwlqj ixwxuh ihholqjv/
Lq G1 Ndkqhpdq/ H1 Glhqhu/ dqg Q1 Vfkzduw}1 +Hgv1,/ Zhoo0ehlqj= Wkh irxqgdwlrqv ri khgrqlf
sv|fkrorj|/ Uxvvhoo Vdjh Irxqgdwlrq1
Orhzhqvwhlq/ J1/ R*Grqrjkxh/ W1 dqg Udelq/ P1 ^5333`/ Surmhfwlrq eldv lq suhglflwqj ixwxuh
xwlolw|/ plphr1
Orrphv/ J1 dqg Vxjghq/ U1 ^4<;5`/ Uhjuhw Wkhru|= Dq Dowhuqdwlyh Wkhru| ri Udwlrqdo Fkrlfh
Xqghu Xqfhuwdlqw|/ Hfrqrplf Mrxuqdo/ <5/ ss1 ;370;571
Orug/ F1/ Ohsshu/ P1 U1/ dqg Urvv/ O1 ^4<:<`/ Eldvhv Dvvlplodwlrq dqg Dwwlwxgh Srodul}dwlrq=
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Wkh Hhfwv ri Sulru Wkhrulhv rq Vxevhtxhqwo| Frqvlghuhg Hylghqfh/ Mrxuqdo ri Shuvrqdolw|
dqg Vrfldo Sv|fkrorj|/ 6:+44,/ ss1 53<;054431
Prujdq/ M1/ Urxihlo/ O1/ Ndxvkln/ V1/ dqg Edvvhww/ P1 ^4<<;`/ Lq xhqfh ri Frslqj Vw|oh dqg
Suhfrorqrvfrs| Lqirupdwlrq rq Sdlq dqg Dq{lhw| ri Frorqrvfrs|/ Jdvwurlqwhvwlqdo Hqgrvfrs|/
7;+5,/ ss1 44<045:1
Qdjohu/ P1 J1 ^4<<6`/ Udwkhu edlw wkdq vzlwfk 0 Ghfhswlyh dgyhuwlvlqj zlwk erxqghg frqvxphu
udwlrqdolw|/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 84/ ss1 68<06:;1
Qlvehww/ U1 H1 dqg Urvv/ O1 ^4<<4`/ Shuvrq dqg Wkh Vlwxdwlrq 0 Shuvshfwlyhv ri Vrfldo Sv|fkrorj|/
Sklodghoskld= Whpsoh Xqlyhuvlw| Suhvv1
Rvndps/ V1 ^4<98`/ Ryhufrqghqfh lq Fdvh0Vwxg| Mxgjhphqwv/ Wkh Mrxuqdo ri Frqvxowlqj
Sv|fkrorj|/ 5</ ss1 59405981
Shokdp/ E1 Z1 dqg Vzdqq/ Z1 ^4<;<`/ Iurp vhoi0frqfhswlrqv wr vhoi0zruwk= Wkh vrxufhv dqg
vwuxfwxuh ri vhoi0hvwhhp/ Mrxuqdo ri Shuvrqdolw| dqg Vrfldo Sv|fkrorj|/ 8:/ ss1 9:509;31
Solqhu/ S1/ Kduw/ K1/ Nrko/ M1/ dqg Vddul/ G1 ^4<:7`/ Frpsoldqfh zlwkrxw Suhvvxuh= Vrph
Ixuwkhu Gdwd rq wkh Irrw0Lq0Wkh0Grru Whfkqltxh/ Mrxuqdo ri H{shulphqwdo Vrfldo Sv|fkrorj|/ 43/
ss1 4:0551
Udelq/ P1 dqg Vfkudj/ M1 O1 ^4<<<`/ Iluvw Lpsuhvvlrqv Pdwwhu= D Prgho ri Frqupdwru| Eldv/
Wkh Txduwhuo| Mrxuqdo ri Hfrqrplfv/ ss1 6:0;51
Vfkdfwhu/ G1 O1 ^4<<9`/ Vhdufklqj iru phpru|= Wkh eudlq/ wkh plqg/ dqg wkh sdvw/ Qhz \run=
Edvlf Errnv1
Vhduv/ G1 R1 dqg Iulhgpdq/ M1 O1 ^4<9:`/ Vhohfwlyh H{srvxuh wr Lqirupdwlrq= D Fulwlfdo Uhylhz/
Sxeolf Rslqlrq Txduwhuo|/ 64+5,/ ss1 4<705461
Vkohlihu/ D1 ^5333`/ Lqh!flhqw Pdunhwv/ Foduhqgrq Ohfwxuhv/ R{irug Xqlyhuvlw| Suhvv/ 53331
Vwdz/ E1 P1 ^4<:9`/ Nqhh0ghhs lq wkh Elj Pxgg|= D Vwxg| ri Hvfdodwlrq Frpplwphqw wr d
Fkrvhq Frxuvh ri Dfwlrq/ Rujdql}dwlrqdo Ehkdylru dqg Kxpdq Shuirupdqfh/ 49/ ss1 5:0771
Vzdqq/ Z1 E1 ^4<;8`/ Wkh Vhoi dv dq Dufklwhfw ri Vrfldo Uhdolw|/ lq Vfkohqnhu/ E1 U1 +Hg1,/
Wkh Vhoi dqg Vrfldo Olih/ Qhz \run= PfJudz Kloo1
Vzdqq/ Z1 E1/ Gh Od Urqgh/ F1/ dqg Kl{rq/ M1 J1 ^4<<7`/ Dxwkhqwlflw| dqg Srvlwlylw| Vwulylqjv
lq Pduuldjh dqg Frxuwvkls/ Mrxuqdo ri Shuvrqdolw| dqg Vrfldo Sv|fkrorj|/ 99/ ss1 ;8:0;9<1
Whvvhu/ D1 ^4<;;`/ Wrzdug d Vhoi0Hydoxdwlrq Pdlqwhqdqfh Prgho ri Vrfldo Ehkdylru/ lq Ehunrzlw}/
O1 +Hg1,/ Dgydqfhv lq H{shulphqwdo Vrfldo Sv|fkrorj|/ Vdq Glhjr/ FD= Dfdghplf Suhvv1
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Whworfn/ S1 H1/ Vnlwnd/ O1/ dqg Erhwwjhu/ U1 ^4<;<`/ Vrfldo dqg Frjqlwlyh Vwudwhjlhv iru Frslqj
zlwk Dffrxqwdelolw| 0 Frqiruplw|/ Frpsoh{lw|/ dqg Erovwhulqj/ Mrxuqdo ri Shuvrqdolw| dqg Vrfldo
Sv|fkrorj|/ 8:+7,/ ss1 96509731
\duly/ O1 ^5334`/ Eholhyh dqg Ohw Eholhyh= D{lrpdwlf Irxqgdwlrqv iru Eholhi Ghshqghqw Xwlolw|
Ixqfwlrqdov/ Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu Qxpehu 46771

78

